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The Schrodinger Equation

Solving this equation requires computing the wavefunction: Ψ(x,t), though we denoted it q(x,t) instead.



Formula for the wavefunction

The wavefunction



Direct (Symbolic) Integration
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• Direct integration produces EXACT VALUES.

• Numerical integration produces APPROXIMATIONS.

Direct Integration vs Numerical Integration
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The Problem with Direct Integration

Direct integration is not feasible, or even possible, for every 
function.



Integration as Area Under the Curve

A



Newton-Cotes Rules

A



Polynomial Approximation



Taylor Polynomial Approximation

Truncation

For example:



Taylor Polynomial Approximation (example)



Taylor Polynomial Approximation (example)



Polynomial Interpolation

• Given a set of nodes, called interpolation nodes, which lie on the 
function to be approximated, a polynomial which intersects all the 
nodes will likely be a good approximation.

• The polynomial is formed by solving a system of linear equations.

• Given a set of nodes, called interpolation nodes, which lie on the 
function to be approximated, a polynomial which intersects all the 
nodes will likely be a good approximation.



Polynomial Interpolation

200 nodes

20 nodes

200 nodes for a highly 
oscillatory function

200 badly distributed nodes



Choice of Distribution of Interpolation Nodes

200 equi-spaced nodes: x = -100, -99, -98, …, 100

• Equi-spaced nodes result in a relatively poor polynomial 
approximation due to the Runge Phenomenon.

• The use of Chebyshev nodes averts the Runge Phenomenon and 
results in a better approximation.



Chebyshev Nodes

• The nodes shown are 
Chebyshev nodes; 
they cluster about the 
extreme ends of the 
graph.

• The Runge 
Phenomenon 
manifests as 
oscillations at the 
extreme ends.

Graph taken from 
https://math.boisestate.edu/~calhoun/teaching/matlab-tutorials/lab_11/html/lab_11.html 

https://math.boisestate.edu/~calhoun/teaching/matlab-tutorials/lab_11/html/lab_11.html


Numerical Integration: The many considerations

Polynomial Approximation

Taylor Polynomial 
Approximation

Polynomial Interpolation

Choice of Interpolation 
Nodes

Equi-spaced 
nodes

Chebyshev 
nodes

The use of splines to 
increase accuracy of the 

numerical integration

Newton-Cotes 
rules



Splines and Composition

A

Splines

• The summation of 
multiple splines is 
called composition.

• The greater the 
number of splines 
used, the more 
accurate the 
numerical integration.



My Work



Formula for the wavefunction

The time-dependent linear Schrodinger equation simply 
serves as a litmus test for our algorithm!



The Algorithm

ApproxFun (Chebyshev nodes) but with some wrapper functions 
coded around it for increased efficiency and to gear ApproxFun 
to perform numerical contour integration.

These are 
contours on the 
complex plane.



The Four Types of Initial Condition

Non-continuous
Continuous but non-

differentiable

Continuous and infinitely 
differentiable (mollifier)

Continuous and n-
differentiable



The Probability Density Function

We plotted |q(x,t)|^2 which is a probability density function 
telling us the probability of finding the quantum particle in a 
region of x – values.  

The particle has a 100% 
chance of existing within 
this region.



The Four Types of Initial Condition

Non-continuous
Continuous but non-

differentiable

Continuous and infinitely 
differentiable (mollifier)

Continuous and n-
differentiable

Graphs are 
inaccurate





Other Potential Applications of this Algorithm

• Many problems require numerical integration, but the numerical 
integration algorithm best suited to each problem may be different.

• This algorithm can be used to help solve problems on heat flow. Toh Wei 
Yang’s project dealt with the heat equation, which models heat flow:
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