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Problem 1. Linearised KdV

Bekzod Normatov

March 31, 2023

1 Problem set up

Consider the following Linearised KdV initial non-local value problem:

@ + quzz =0 (z,t) €(0,L) x (0,T), (PDE)
q(1,t) =0 t [0, 77, (BC1)
qx(l,t) =0 t E[O,T], (BCZ)

1
/0 K(0)a(y, )y =golt) tel0,7), (NLO)
Q(wv 0) ZQO(*T) t 6[07 1]7 (IC)

where qg, go are known smooth functions.

We use ¢ to represent the Fourier transform of ¢ € C*[0,1] :

o0

o= [ M)
Use the following notation simplifications:

filhz, 1) = /T e_iASSGqu(x, s)ds

0

Ny 2) = [ e Mgo(€)de

aN Ty, 2) = [ e g€, T)de.

ST
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2 Stage 1l

Assume there exists ¢ : [0,1] x [0,7] — C, as smooth as we need, satisfying (PDE) and
(IC). Apply Fourier transform to (PDE):

0= + quaz(N;t)

=qt(Ait) + Qraa(Ast)

=0ig(\;t) —iNGAst) + e [qu(l, t) +iAdeq(1, 1) — Nq(1, t)} - [&mq(O, t) +iA.q(0, 1) — A*q(0, t)]
Rearrange and multiply by e’
Bule G\ 1)] =e~ [amq(o, £) + iX3,q(0, ) — A%q(0, t)] — e AiNt [amqu, £) + iMdaq(1,t) — A\2q(1, t)]

Integrate in time to solve the ODE for q();-)

e NG t) — (A 0) = /0 eI [%q(o, $) +iA02q(0, s) — X?q(0, 5)}‘1‘9

e / e [00a(1, ) + N0aa(1L,5) — Ng(1,5)] ds
0

Note that (IC) implies g(A;0) = go(A). Also introduce notation

t . .
X0 = [ e N oly(x,s)ds
0
Then,
MG =@ (V) = F2(% 00N (A 0,6)=A fo (A 0,8) ¢~ [fo(X LHHIAL (A 1, 6) =\ fo(As 1, )]
This is Global Relation (GR) valid V¢ € [0, 7], VA € C. Now solve for g(z,t). Rearranging

G 1) =e UG5 (N) + € [ (X 0,8) + A1 (X 0,8) — A2 fo(X;0,1)]
— N (G 8) +id I 1L E) — A2 fo(A; 1,8)]

Applying inverse Fourier transform

2mq(z,t) = / AT HIN G () d\ + / eATHNEL (050, 8) + A1 (X 0,8) — A2fo(X;0,)] dA

—00

- / eAEDHNL ) 1 8) + A fL (A 1,8) — A2 fo(As 1,8)]dA
—00

valid Vz € (0,1),Vt € [0,T].
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We aim to deform the latter two contours of integration away from R. We need the
following definitions:

*.={AeC:+Im()) > 0}
D:={)\ecC:Re(—ir?*) <0}

Dt.=DncC*
E:={)\cC:Re(—ir\?) >0}
Ef. = ENnC*

Orient the boundaries of these (unions of) sectors positively; the sector lies to the left of
its boundary. Consider X\ € clos(E). We want to show that

/ A tiXt [f2(X;0,8) + A f1(X;0,8) — A fo(X;0,8)]dA =0
OE+
First we want to show that
lim N fo(A0,8) + iAf1(A; 0,8) — A2 fo(A;0,8)] =0
—00

Consider

A—00

t , '
lim e’ PO X t) = / e*i/\s(s*t)a‘%q(X, s)ds
0

(—in) ™ [aiqoc, t) =™t 9lq(X,0) — / N C09,00q(X, 5)ds
—_—
decays as A — oo 0

Consider

‘/ —i3(s—1) 86%] (X, s)ds’ < /t )e—“‘”’(s—”HataMX, s)’ds

< (6= 0) o |70 e |0020(X, )
<t max ‘8t I (X, s)| VA € clos(E)
s€[0,t]

So, e“‘gtfj()\;X, t) = O(]A73), uniformly in arg()\) as A — oo within clos(E). Similarly,
AL X 1) = O(IA2]) and A2 (0 X 8) = O(IA1).

Then, ¢t [f2(0 X, 6)+idfi(\ X, 6) = A2 fo(A; X, )] = O(|A™1]), uniformly in arg()) as
A — 0o within clos(E). So, we can use Jordan’s Lemma. Also, note that ¢/t [f2( X, 1) +
iNfLN X t) — A2 fo(\ X, t)] is entire by Morera’s theorem. So, we can use Cauchy’s
theorem. Hence, by Jordan’s lemma and Cauchy’s theorem,

/ XA (X0, 6) + i1 0,8) — A fo(A;0,4)]dA = 0
OE+

4
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So,
/OO ANt [£2(A;0,8) +iAf1(A;0,8) — A2 fo(A; 0,8)] dA
:{ /OO _/8]5+ }eMwH)‘st (2N 0,8) + A fi (A 0,2) — A2 fo(A;0, )] dA
_ /8 . ENTHNE £ (00, 8) + iAFL (A0, ) — A2fo(As0, )] dA.
Similarly,

- / eNTTDFN £ O 1) + i L (A 1,8) — A2 fo(As 1, 8)]dA

{/ /{jE } A@=DHN ) (0 1,8) +idf1 (A 1, 8) — A2 fo(A; 1,8)]dA
_/aD eA@DEN £ (1 8) + i1 1, 8) — A2 fo(As 1, 8)] dA.
We have arrived at the Ehrenpreis form:
2rq(z,t) = / - ANt (A d + /d - eNTHNE (050, 8) + A f1(A; 0,8) — A2 fo(X;0,)] dA
(1)

. / eMNTTDFNT L 1) + AN 1,8) — A2 fo(As 1,8)]dA
0D~

valid Vz € (0,1),Vt € [0,T.

3 Stage 2

Assume there exists ¢ that satisfies not only (PDE) and (IC) but also (BC). Remember
that the generalized global relation(GGR) is the same for non-local initial value problems

as for the boundary value problems that have the same PDE. Hence, we already know the
GGR:

oAy, 2) — e NG Ty, 2) =N (A2 fo (N, ) + ALy, T) + fa(Asy, 7))
—e (X2 fo(N 2, 7) HiNAL(N 2, 7) + fo(Ny 2, 7))
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Applying the time transform to the non-local condition we get

/ K(y)fo(Asy,m)dy = /1 K(y) /t e g(y, s)dsdy
/ —iX%s / K(y s)dyds

:/ go( )d S =: ho(/\)
0

Evaluating GGR at z = 1,7 = t we obtain

By, D) — e NG By 1) =e N (<N fo(y) FiMAY) + R(0y) ()
e A fa( A 1),
since both fyo(A;1) and fi(A; 1) evaluate to 0 because of the boundary conditions. Now

multiplying the above expression by €Y K (y) and integration it in y from 0 to 1 we obtain
the global relation of non-local type

1 1 X
i)\/o K(y)fl(A;y)der/O K@) fa(sy)dy — e fa( s 1)/0 K(y)evdy

1 1
:Azho(A)Jr/ K(y)e”y%(k;y,l)dy—e’Agt/ K(y)e™q(X ty, 1)dy.
0 0

The above equation can be looked at as a linear equation with following three un-

knowns:
1
= [ Kty

/K ) a(Aiy)d
Ja(A 1)

Also let the RHS of the above equation be our datum that is equal to the Q(\). Note that
we can apply the following three maps to the above equation to get three equation with
three unknowns since f;(A;x,7) is independent of the choice of A:

A=\ A = a) A — )

where o = e3¢, We get the following matrix:

N1 —e [T K (y)ePdy 21 (N) QM)
o\ 1 —eTioA fol K (y)e'Ndy 51:2( ) | = | QlaN)
i02\ 1 —emio?A fol K(y)e @ vdy | \fa(\ 1) Q(a)?)
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We find the determinant of the matrix:
A(N) = z)\ e / K(y)e'*Mdy + ae™ / K(y)e™dy
+e—ia2>\ / K(y)eia )\ydy _ a2e—i)\ / K(y)ei)\yd
0 0
1 1
+a2e—ia)\ / K(y)eio‘)‘ydy _ ae—iaz)\ / K(y)eiaszdy]
0 0
. 1 . . 2 1 . 2 . 1 .
=iXa? —1) [e_w‘)‘/ K(y)em)‘ydy 4+ ae A/ K(y)e™ My + OzQe_Z)‘/ K(y)e”‘ydy]
0 0

0

Now we use Cramer’s rule to find one of the unknowns:

L1) = Aia) [0Q(0%) —a?Q(a)) ~ Q(a%) +a*Q() +Q(a)) — aQ(V)|
= 21 0?)[02Q(Y) + Q(aN) + aQ(a?)

AN
~[02Q() + Q) + aQ(a?N)]
 e—iaX fol K (y)eie v dy + ae—iaA fol K (y)eie*vdy + a2e—ir fol K (y)eMvdy

Now we need to show the decaying of the following ratio term inside | 5p- 8 A — o0:

[ Jo K@)e™qn ty, )dy + [y K(y)e™g(ar, iy, Ddy + a [y K(y)e < G(a?), ty,1)dy

e—taA fO K y eza/\ydy + ae—za2)\ fol K(y)eioﬂ)\ydy_i_ ale—iA fOl K(y)ez)\ydy
(3)
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~

4 Asymptotic analysis within cl(D;)

] L L,

Decaying terms: e~} e 1A gia™A,
. . . s 2

Blowing up terms: e, ei@ =i

4.1 Denominator

: 1
Ay — Iy - ! IAY
OK(y)e dy Z.A[K(y)e L/—o B OK(y)e dy
_i (2N _ 1 / X g 1 /1 1" Ay
—— KW — k()] (M)2[K(1)e K(O)M(M)2 K )y
ei)\
_o<A>.
Similarly,

eza)\

1
| wweevay—o
0

The last integral term:

/1 K( )eia2)\yd _ 1 |:K< )eia2)\y}y:1 . 1 /1 K/( )eiQQAy
0 y y_ZOé2>\ y ZO[2>\ 0 y

y=0
:m12A (K@) — K (0)] - W1A)2 [K)e — K'(0)] +

o (sl)

Thus, the decay rate of the denominator is

1 1 o
K" i /\yd
G | K ey

1 1 1
e—ia)\/ K(y)eia)\ydy + ae—icﬂ)\/ K(y)eiQQ)\ydy + a2€—z’)\/ K(y)ei)\ydy
0 0 0
) . 1 ) i
:e—w&\o ( > + e—za2)\0 <‘)\‘> + 6—7)\0 ( e >
—ia® )\

A
e
4.2 Numerator

eza)\

A

)

A

4.2.1 First term

Note that

d d [+ . ,
— g\ tiy. 1) =— —IA () dr = —e " MNg(y, t
dyq( ty, 1) dy/y e "q(x, t)de = —e""q(y,t)
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and

1
(A, t:0,1) :/ e Mq(z,t)de
0

1
/ e A q(z, t)dx
0

1
S/ e lq(x, t)|da

1-0 t
<( )rg{fg}i‘e l max fa(z, )|

<

< t
Jnax. lq(z,t)]

— bounded

! iy ~ L loix q o
e K(y)aty, )dy =— [e K(y)Q(Avt%y’UL 0 A
1 L[
=——K(0)§()t;0,1) / K(y dy—/ MK (y)G(\, try, 1)dy
A AJo
=0(|x1) —o(l4])

-o(J3)

4.2.2 Second term

Similarly, note that
d . d [t . ,
g ieh by 1) :dy/y e "N g(x, t)dw = —e " Nq(y, 1)
and
1 .
q(aX,t;0,1) :/ e (g, t)dx
0
1 .
/ e gz t)da
0
1 .
< [l ot olda

1-0 AT t
SO0 gl gy o)

<

< t
Jnax. lq(z,t)]

— bounded

1
_ / M K (y)(—eMa(y, 1) + K/ (1) iy, 1)
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So,

1
/ SN (y)alar, by, 1) dy =
0

_ 1 iy ~ . y=1 1 ! iy —iaA\y / ~ .
=i [V E@N Gy D] =g [ Ky (e Ny, 0) + K ()a(ad 3, 1) dy
—— s EOfA s+ o K W)aly, )y - / O () . 1y

) ) M ’[/a)\ 0 ) ia)\ 0 ) ) M

T\

-~

=0(Ix) E)
-o(3)

4.2.3 Third term
Note that

1
(), 1;0,1) —/ e*w‘%\xq(aj,t)da?
0

1 —ia? x ]a::l 1
=— t —
ia2 )\ [e CR) =0 + ia2 )\

1
/ e*m%‘qu(x, t)dx
0

1 —ia? )\ 1
= 1t)+ —
e q(,)+i2

2PN )

1 [t
q(0,t) + Z,012)\/ e_w‘2’\xqw(x,t)dx
0

a2
eza)\

A

1 ia2 ~ y:l 1 1 i()é2 —ia2 —~
ey [ R )] = o [ (K et 0) + K )t 1) dy
1 1 1 o,
— _ K ~ 2 0.1 K _ 1o >\yK/ ~ 2 .1
o KOT 601+ o [ K@iy [ R )i iy
=o(|1))
1 e—iaQ)\
=0(|=])o
(3 (=)

10
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So the decay rate of the numerator is

1
/K YeNG ty, 1 dy—l—/ el NGa, t;y, )dy+a/ K(y m)‘y q(a’ X t;y,1 )dy]
0
1
=o([3]) +o (5 l)”(\vw)
—ia?\
:@< )

e
Thus, the decay rate of the ratio term inside | - is
2

)\2

=l -0 ()

—ia2x
Hence, as A — oo, this term approaches 0 within ¢l (55 ).

e

A

5 Asymptotic analysis within cl/(D;)

) o g
Decaying terms: e A, gidA g—ia”A
y g )] )

. . s . 2
Blowing up terms: e, et gl

Note that the decay rate of the ratio term , which can is a function of X is indepen-
dent of a particular A mapping. Moreover, by applying a particular mapping A — aX to
the decaying and blowing up terms within cl(f)g_ ) we can retrieve the decaying and the
blowing up terms within ¢l(D; ). These two facts are enough to conclude that the decay
rate of the entire ratio term . within cl(D3 ) is the same as the decay rate within cl(D2 ).
So, the decay rate of the ratio term inside f@; is O (}%‘) Thus, as A — oo, this term

approaches 0 within ¢l (53_ ).
6 Asymptotic analysis within c/(D;)
First, we evaluate GGR at y = 0 and rearrange it:
@(X:0,1) — e"NGN 10,1) + e fa(A 1) = —N2 fo(A;0) + iAf1(X;0) + f2(X;0)

Let us use X f for the RHS of the above equation. Note that X f is the term appearing
inside | 5" in the EFt and we need to show that it decays as A — oo:

[ N R 050) + AA0) + fa(350)]dA =
oD

— /N z)\m+z)\3t[ ()\ 0 1) —z/\3t(/1\(>\7t;0’ 1) + e—i)\fQ()\; 1)] d\
(9D

11
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First of all, go();0,1) is known, so we can factor it outside of the integral. We only need
to show the decaying of —e*i/\dtfj\(x\,t; 0,1) + e ™ fo(A; 1) inside the féffr' Factoring out

e~ and using the ratio term of fa(X; 1) in we get the following ratio term:

—q(A\,t;0,1) (4)
e’“[ Jo E@)e™q\ ty, 1)dy + [y K(y)e®g(a), t;y, Dy + a [§ K(y)eG(a?), 1y, l)dy]
" e=iod [F K (y eza/\ydy + ae"aQ’\ [ K (y)eie®dy + a2e=iA [} K (y)eiMvdy
—q(A\,t;0,1) [ —toA fo y)el N dy + qeio’A fol K (y)ei M dy + a2 fol K(y)e"’\ydy}—l-

e a2 fy K()e™a by )y + fy Km)eNglan, ty, 1)dy + o fy K(y)e g(a? by, 1)dy]

e—iaX fOl K(y)eia)\ydy + et fOl K(y)eiOzQ)\ydy 4 a2e—tA fOl K(y)ei)\ydy

Now, we go back to the asymptotic analysis within cl(]_~)1+):
Decaying terms: e, e~ e~
Blowing up terms: e~ e}, i,
A method used in the section on the decay analysis within cl( 5 ) will help us find the

following decay rates of some of the terms in the above fraction:

1
| ey -0 (|
0

1
/ K(y)e™g(ar, t;y, 1)dy =0
0

1
/ K(y)e Mg, t;y, 1)dy =O
0

(
1 , < elaX
/0 K (y)e"dy :(’)< 3
(

1
/ K(y)e " dy =0
0

1
/ K(y)eNdy =0
0

> =

6.1 Denominator
Based on the above the decay rate of the denominator is

e—i)\

1 1 !
e—ia)\/ K(y)eia)\ydy +O[6_ia2>‘ / K(y)eiQQ)\ydy +a2€—i)\/ K(y)eikydy =0 <
0 0

o4 o[

)

eia?

o
) ~o(]1)

12
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6.2 Numerator

First, we examine the decay rate of q(\,t;0,1):

1
q0t:0.1) = [ e g(a, o
0

1 . =1 1
= [e—zAzq(x’ t)] +

1
—iAT
N —~ oz, 1)d
i 220 M/Oe 4r (e, t)da

1 1 I N
= — —e Pq(1,t) + ~q(0,t) + ~ gy, t)d
S0 + 0.0 + 55 [P

o()

Let us write out once again the entire numerator:

671'/\

A

1 1 1
—q(\t;0,1) {e_m)‘/ K(y)eio‘)‘ydy+ae_i0‘2/\/ K(y)em2)‘ydy+ OzQG_M/ K(y)e“ydy} +

— 0 0 0

=0
(157 —o(l4) (1) —o(|52))
v a? [ K@Mt Ddy+ [ K@ gianty Ddy+a [ K™ aas ty, dy
0 0 0
“o([52)) ~o({3) ~o({3)

This poses a challenge since there are a number of terms that are blowing up faster or at
the same rate as the denominator. We will try to resolve this challenge by grouping some
of the problematic terms together and examining them. In order to make this clearer we
will be removing all the non-problematic terms so that at every step we have less and less
terms to deal with. A term is considered non-problematic if it has a decay rate higher

e—iA
X

e—iA
X

e—iA
X

than the denominator, which has a blow up rate of O (‘ ej\M D If we manage to remove

all the terms that means that we have shown that the entire numerator decays faster than
the denominator. The first non-problematic term is

1 1
— (A £0,1) [6_““/ K(y)eZ“Ayderae‘W”/ K(y)eza2>\ydy]
0 0

:o(

c—iX
X

) T =l o)

13
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since it has a decay rate of O ( G;A ) Hence, we are left with the following problematic

terms:

— 0. (a2 [ K@)eay]+ )
w_/ 0

e—iA

== =)

1 1 1
+ea? / K(y)e™ g iy, 1)dy + / K (y)e®Mqla), iy, 1)dy + o / K(y)e ™ Mg’ ) t;y. 1)dy
0 0 0

-~

c—iX
X

TV
e—1iA

) =0([31) =0([31)

—O(

Let us now simplify and examine —g(A, t; 0, 1)e % fol K(y)e"’\ydy;i;efM fol K (y)e™q(\ t;y, 1)dy
() >
| ):

which without any further work has a blow up rate of O <
—q(\ 150, 1)6‘“/ K(y)e™dy + e"*/ K ()¢ t;y, 1)dy
0 0
1 1
——e (6(/\,t; 0,1)/ K(y)euydy—/ K(y)eiAy@(A,t;y,l)dy>
0 0

1
== [ R @601 =Gty 1) dy

1
—— e [ MK 60,)dy
0
Hence, equation with all problematic terms simplifies to

1 1 1
e /0 MK ()G £:0, ) dy+e /D K(@)e®Vg(a, t;y, 1)dy+ea /0 K ()™ Mg(a’ ), t;y, 1)dy
(6)

Let us examine the first term in the above equation:

M MyK G\, 0, y)dy

o < (MK a0 50 y)ﬁ A / £ [K<y>e—%<y,t> + K ()30 150, ) dy)

1
M( eMK(1)G(\, t;0,1) M/K (,t)dy—— W/K’ qA)\tOydy
0

1 1
MK g\, t;0,1) — go(t)—,/ eMEK! (y)q(\, 50, y)d

)\ Z)\O

\W_/

o 1 ~o(1))

14
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The problematic term in the equation above is e~ x Lgo(t). However, since go(t) is a
known function given as a non-local condition, we can factor out this term outside of the
integral. Now we are left with the second and third integral terms in @ First we examine

the decay rate of g(a\, t;0,1) and q(a?\,t;0,1):

1
dlarti0,1) = [ e *¥q(a, )da
0

1 , 4
= o LT oy [ e e de
=— ie’w‘)‘q(l t)+ iq(O t)+ L /1 e (x,t)dx
ia\ ’ ial iaX Jo A

1 —ia?\z o=l 1 ! i\
) [ q(a:,t)L:O + aZ)\ ¢ 4 (@, )d

1 —ZOé2 1 1 ! —ix X
e 0+ a0+ o [ e g0

Also remember that the second and third integral terms in @ can be expanded using
integration by parts as follows:

1
e / SN E ()G, by, 1)dy =
0

) 1
—i\ ~ i !
_ K £:0,1) K(y S VK tiy, 1
e ( ZO()\ (0)(](0&)\, aO ZOZ)\/ yv dy / ( ) (OZ)\, Y )dy>
— e | K (0)(a 0, 1)+igo( )—1/1 MK (y)(a\ tyy, 1)dy
QA al\ ,ia Jy Y
TV

—o(z)) ~o(|x)

where the problematic term is e x ﬁgg(t), which can be factored out since go(t) is

15
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known. And

1
e_M/ FNE (y)GlaPA, try, 1)dy =
0

—i 1 ~ 1 ' 1 ' ~
= (— K(0)q(a®X,1;0,1) + — / K(y)q(y, t)dy — ~— / K (y)g(e’ M by, 1)dy)
a*X Jy 1t Jo

102\

- (t) _ L
z'aQ)\gO ia2 )\

oel) el

- 1

—iX ~ 2

= — K(0)g(a“A,t;0,1) +
€ 22)\ ()q< 777)

1
/ N K (y)G(aPA, £y, 1)dy
0

where the problematic term is e~ x ﬁ, go(t), which can also be factored out since go(t)
is known. Hence we have resolved every single problematic term in (5)). Thus, the decay
rate of the numerator is greater than the decay rate of the denominator. To be more

precise, the decay rate of the entire ratio term is

Hence, as A\ — o0, the ratio term 1) approaches 0 within ¢l (5f)

16
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