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Bekzod Normatov

Problem 2. Linearised KdV

Bekzod Normatov

March 31, 2023

1 Problem set up

Consider the following Linearised KdV initial non-local value problem:

@ + quzz =0 (z,t) €(0,L) x (0,T), (PDE)
q(0,t) =0 t €0, T, (BC1)
q(1,t) =0 t [0, T, (BC2)

1
/0 K(0)a(y, )y =golt) tel0,7), (NLO)
Q(wv 0) ZQO(*T) t 6[07 1]7 (IC)

where qg, go are known smooth functions.

We use ¢ to represent the Fourier transform of ¢ € C*[0,1] :

o0

o= [ M)
Use the following notation simplifications:

filhz, 1) = /T e_iASSGqu(x, s)ds

0

Ny 2) = [ e Mgo(€)de

aN Ty, 2) = [ e g€, T)de.

ST
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2 Stage 1l

Assume there exists ¢ : [0,1] x [0,7] — C, as smooth as we need, satisfying (PDE) and
(IC). Apply Fourier transform to (PDE):

0= + quaz(N;t)

=qt(Ait) + Qraa(Ast)

=0ig(\;t) —iNGAst) + e [qu(l, t) +iAdeq(1, 1) — Nq(1, t)} - [&mq(O, t) +iA.q(0, 1) — A*q(0, t)]
Rearrange and multiply by e’
Bule G\ 1)] =e~ [amq(o, £) + iX3,q(0, ) — A%q(0, t)] — e AiNt [amqu, £) + iMdaq(1,t) — A\2q(1, t)]

Integrate in time to solve the ODE for q();-)

e NG t) — (A 0) = /0 eI [%q(o, $) +iA02q(0, s) — X?q(0, 5)}‘1‘9

e / e [00a(1, ) + N0aa(1L,5) — Ng(1,5)] ds
0

Note that (IC) implies g(A;0) = go(A). Also introduce notation

t . .
X0 = [ e N oly(x,s)ds
0
Then,
MG =@ (V) = F2(% 00N (A 0,6)=A fo (A 0,8) ¢~ [fo(X LHHIAL (A 1, 6) =\ fo(As 1, )]
This is Global Relation (GR) valid V¢ € [0, 7], VA € C. Now solve for g(z,t). Rearranging

G 1) =e UG5 (N) + € [ (X 0,8) + A1 (X 0,8) — A2 fo(X;0,1)]
— N (G 8) +id I 1L E) — A2 fo(A; 1,8)]

Applying inverse Fourier transform

2mq(z,t) = / AT HIN G () d\ + / eATHNEL (050, 8) + A1 (X 0,8) — A2fo(X;0,)] dA

—00

- / eAEDHNL ) 1 8) + A fL (A 1,8) — A2 fo(As 1,8)]dA
—00

valid Vz € (0,1),Vt € [0,T].
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We aim to deform the latter two contours of integration away from R. We need the
following definitions:

*.={AeC:+Im()) > 0}
D:={)\ecC:Re(—ir?*) <0}

Dt.=DncC*
E:={)\cC:Re(—ir\?) >0}
Ef. = ENnC*

Orient the boundaries of these (unions of) sectors positively; the sector lies to the left of
its boundary. Consider X\ € clos(E). We want to show that

/ A tiXt [f2(X;0,8) + A f1(X;0,8) — A fo(X;0,8)]dA =0
OE+
First we want to show that
lim N fo(A0,8) + iAf1(A; 0,8) — A2 fo(A;0,8)] =0
—00

Consider

A—00

t , '
lim e’ PO X t) = / e*i/\s(s*t)a‘%q(X, s)ds
0

(—in) ™ [aiqoc, t) =™t 9lq(X,0) — / N C09,00q(X, 5)ds
—_—
decays as A — oo 0

Consider

‘/ —i3(s—1) 86%] (X, s)ds’ < /t )e—“‘”’(s—”HataMX, s)’ds

< (6= 0) o |70 e |0020(X, )
<t max ‘8t I (X, s)| VA € clos(E)
s€[0,t]

So, e“‘gtfj()\;X, t) = O(]A73), uniformly in arg()\) as A — oo within clos(E). Similarly,
AL X 1) = O(IA2]) and A2 (0 X 8) = O(IA1).

Then, ¢t [f2(0 X, 6)+idfi(\ X, 6) = A2 fo(A; X, )] = O(|A™1]), uniformly in arg()) as
A — 0o within clos(E). So, we can use Jordan’s Lemma. Also, note that ¢/t [f2( X, 1) +
iNfLN X t) — A2 fo(\ X, t)] is entire by Morera’s theorem. So, we can use Cauchy’s
theorem. Hence, by Jordan’s lemma and Cauchy’s theorem,

/ XA (X0, 6) + i1 0,8) — A fo(A;0,4)]dA = 0
OE+
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So,
/OO ANt [£2(A;0,8) +iAf1(A;0,8) — A2 fo(A; 0,8)] dA
:{ /OO _/8]5+ }eMwH)‘st (2N 0,8) + A fi (A 0,2) — A2 fo(A;0, )] dA
_ /8 . ENTHNE £ (00, 8) + iAFL (A0, ) — A2fo(As0, )] dA.
Similarly,

- / eNTTDFN £ O 1) + i L (A 1,8) — A2 fo(As 1, 8)]dA

{/ /M } A@=DHN ) (0 1,8) +idf1 (A 1, 8) — A2 fo(A; 1,8)]dA
_/aD eA@DEN £ (1 8) + i1 1, 8) — A2 fo(As 1, 8)] dA.
We have arrive at the Ehrenpreis form:
2rq(z,t) = / - ANt (A d + /d - eNTHNE (050, 8) + A f1(A; 0,8) — A2 fo(X;0,)] dA
(1)

. / eMNTTDFNT L 1) + AN 1,8) — A2 fo(As 1,8)]dA
0D~

valid Vz € (0,1),Vt € [0,T.

3 Stage 2

Assume there exists ¢ that satisfies not only (PDE) and (IC) but also (BC). Remember
that the generalized global relation(GGR) is the same for non-local initial value problems

as for the boundary value problems that have the same PDE. Hence, we already know the
GGR:

(ﬁ)()\vyv Z) it ()‘ Y, 2 ) z)\y ( )\2f0( ) )+Z)\f1()\,y77_) + fQ()‘ay7T)) (2)
oA (- N fo(N\s 2, 7) +idfi(N 2, 7) + fa (N z,7))
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Applying the time transform to the non-local condition we get

/ K(y)fo(Asy, m)dy = /1 K(y) /t e g(y, s)dsdy
/ —ixs / K(y)q(y, s)dyds

:/ ~iXs g ()ds = ho())
0
Evaluating GGR at z = 1,7 =t we obtain
@y, 1) — e NG ty, 1) = (=X fo(Niy) + ML (N ) + fa(Ay)) (3)
e AL + fa(X1)),

since fy(A;1) evaluates to 0 because of the boundary condition 2. Now multiplying the
above expression by YK (y) and integration it in y from 0 to 1 we obtain the following
global relation of non-local type

1 1 1 1
i [ KRG+ [ K@ RO - Pn) [ K@y - P ho) [ Ry
0 0 0
(4)
1 4 5, 1 .
= Mho(N) +/ K(y)e™ (A y, dy — e t/ K(y)e™q(X t;y, 1)dy.
0 0
The above equation can be looked at as a linear equation with following four unknowns:
1. f() fl A Z/)
2. 22(\) = fy K@) f2(Ay)dy
3. fl()\; 1)

4. fa(A; 1)

Also let the RHS of the above equation be our datum that is equal to the Q(X). Now we
evaluate GGR aty=0,z=1,7 =1t to get

ML 0) + f(X0) — e RidfI (A 1) — e P fo(Ai1) = @(A;0,1) — e NG(A,10,1)  (5)

since fo(A;1) and fo(A; 0) evaluate to 0 because of the boundary conditions. The above
equation can be looked at as a linear equation with following four unknowns:

1. fi(A;0)
2. f2(A;0)
3. fin1)
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4. fa(A; 1)

Also let the RHS of the above equation be our datum that is equal to the N(\). Note that
we can apply the following three maps to the equations and to get six equations
with six unknowns since f;(A;x,7) is independent of the choice of A:

A=A\ A — a) A — )

where o = ¢35 '. We get the following matrix:

A —e —e A

! , | 0 0\ /fa(x0) N(Y)

1 i —eT o) —ete 0 Of [0 N(a\)

1 ia?) —emi* N jn2)\ —eiaA 0 0] AN N(a)?)
0 0 —e A [ K )eN dy e~iA f K yedy x| | e | T o
0 0 e [K mydy _ —wM fo la}‘ydy iah 1[ | =1(N) Q(aN)
0 O ZC‘2’\2042/\f K el Aydy —e_w‘QAI K el )‘ydy i’ 1 z2(A) Q(ar?)
We use the following notational simplifications to make calculations easier:

1
E(\) =e ™ K(-)) = / K (y)e™dy
0

Now the matrix becomes:

1 1 E(\) E(X) 0 0 f2(X;0) N\

1« aE(al) E(a)) 0 0| [ ixfi(x;0) N(aX)

1 o? a*E(a’)) E(a®)) 0 0 [-ixAaD) | | Na?)

0 0 ENK(=A) ENK(=A) 1 1] =KD [ ] Q)

0 0 aE(@N)K(—a)) (aNE(-a)) a 1 z1(\) Q(a))

0 0 aE(@@NK(-a?\) E(a?\K(-a?)) o? 1 22(A) Q(ar?)
Rearranging further and simplifying the matrix:

11 E()\) E()) 0 0

0 a-1 aE(a)\) E(X) E(a)) — E(\) 0 0

0 a?—1 PE(?X) = E(\) E(a?)\) — E(\) 0 0

0 0 aE(a)\)K( ) EMNK(-))  E(@\K(-a)) —ENEK(=)) a—1 0

0 0  a?E@NE(=a’)) = EWK(-)) E(a?\)K(-a?)) = EQ)K(-A) o?—1 0

0 0 ENEK (=) ENEK(=)\) 11

f2(X;0) N(X)

iAf1(A;0) N(aX) — N(X)

—iAfiA 1) | | N(aA?) = N())

—fN1) || Q) —Q(N)

r1(A) Q(aX?) — Q(N)
z(A) Q)
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a =aE(a)) — E(\)
A=E(a)) — E()\)
b=a’E(a’\) — E(\)
B =E(a®)\) — E(\)
c =aE(a\)K(—a)) — EEK(=))
C =E(aN)K(—a)) — E(NK(=))
d =a’E(a* ) K (—a?X\) — EQ)K (=)
D =E(?N)K(—a?\) — E(NEK(=))
We find the determinant of the matrix:
AN =(a—-1)(a—1) [( 2E(a® K A(fazA) — E(WK(=)) x (E(a®)) — E())
— (E(aA f(( E(NK (=) x (a2E(a)\) — E(A )]
K(-a)) -

) )

Ha—1)(a? -1 [ E(ax EWEK(=X) x (a2E(a2)) — E(\))
aE(a f( o)) — EQ)K(=N)) x (E(a?)) — E(A))}
K )

)

(
—(
a2 —1)(a—1 [(E( 2)\) EO)
=
)|

K(=X) x (aE(a)) — E(\)

o2E(a —a2)) — EQ)K(=A)) x (E(a)) — E(A )}
+(® = 1)(a?-1) (aE (—aX) — EQ)K(=X)) x (E(a)) — E(V))
— (B(aN)K (—aX) — EQ)K(=))) x (aE(a)) - E(A))}

— = 30| B(® )R (~a*\) EW)(1 - a?) + BO)K (~\) E(a*A)(0? - 1)|
+ 3| B(aN K (—a) E(0*A)(a? = a) + E(aN) K (—a)) () (@ — 1) + BQ)K (-\) E(@*A)(1 - a?)|
+3[ (@*NE (—a? N E(a)) (o — o) + E(a* N K (—a?\) E()) (o —1)+E(A)K(—A)E(ax)(1—a)}
~ 302 |[E(@N)E(~a\) EQV)(1 - ) + EQE(-N) E(aN)(a - 1)|
=3[ E(@* )R (~a?\) EN)(a? — ) — E(a®\)K (~a*\) E(a))(? - a)
+ EQ)K (=N E(aA)(0® — a) = EQ)K (=) E(o*A)(o? ~ a)
E(aNK(~a MBI ) - E(aNK (~a))E(\)(a? - a)]
=3(a? —a[ (=N (E(@)) - E(a?)))
+ E(a A)f{( a))(E(a)) — E(N)
+ B2\ K (—a2)\)(E(A) — E(ax))}
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We find the unknowns:

SIARND =

30 (Q(™N) = Q) x (B(a®)) — E(\))

— (BN (~0*\) ~ EQE(-) x (V@) -~ N()|
+3[(E(
— (QaN) = QW) x (E(a®) — (V)]
+3[(E(a2A)f<(—a2A) — EWR(=X) x (N(aX) = N(A)

~ (Qa2) = Q) x (E(ad) — E(W))]
302 [(Q(a/\) — QM) x (E(ar) — E(V))

aA) K (—a)) — EQ)EK(-))) x (N(a®)) = N(\))

— (B(aNK (—a)) — EQ)K(=A)) x (N(a) — N(A))}]
further simplifying we get

SN ) =

0 Q(a2)) [ — aB(a®)) + aE(\) — B(a)) + E(A)}

FEOWE(-)) [ —aN(a2\) + aN(A) — N(a2\) + N(A) — N(a)) + N(\) — a®N(a)) + ﬁv(x)}]
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further simplifying we get

=R 1) = i [ QWM [B02) — B + aB(a) ~ B
+Q(aN) [02E(a?)) — E(\) + E(a)) — a?E())]
+QO) [aB(A —a?E(0®)) + E(\) — aE(a)) + E(\) — E(a)) + oﬁE(A)}

(
(

+E(*NE (- 2A)[N(A)- N(a?)) = a?N(a)) + a*N(V)|
(

AN K (—a)) [aN(A) — aN(a2\) + N(\) — N(ax)}

YEO)E(-N) [aN(oﬂA) —aN(\) + N(a2)) — N(A) + N(a\) — N(A) + a2N(a)) — azN(/\)]]

10
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Hence, the sum i\ f1(A;1) + f2(A; 1) is equal to the following:

INID) + (A1) = A(i’)

Q(a2)) [(1 —a)E(a?\) — (1 — a)E(aA)}

+Q(aN) [(oﬂ “1)E(a?)) — (a? — 1)E(a)\)}

+QW) (@ = a?)E(0®) — (@ — a?) B(a))|

FE(@2N K (—a?)) [(a “1)N(aA) + (1 — a?)N(a)) + (o — a)N(A)]

—E(aN)E (—a)) [(a “DN(a2)) + (1 — a?)N(aX) + (a? — a)N(A)}]

= @ 0 (B2 - B(a)) (a2Q(a?)) + aQ(a)) + Q(V))

+(a? = a) (B(@*N) K (—a®)) — B(aA)K (—a))) (2N (a?)) + aN(a)) + N()\))]

Now we can proceed to the asymptotic analysis within cl (5_) since iAf1(A;1) + fa(A; 1)
is the sum inside the [ 55~ @ A — oo in the EFf 1} However, first we do the back
substitution for Q(\) and N(X) only keeping the unknown terms in ([4)) and (F)):

1 1
Q) ~ / K@)eManty. Ddy N ~§A40,1) = / Mgz, t)da
0 0

Now we need to show the decaying of the following ratio term inside | s~ 3 A — 00:

[(E(OPA) — E(a)) (a2Q(a®)) + aQ(aX) + Q(N))
—(E(a®A\)K (—a2)) — (@)K (—a))) (2N (o)) + aN(ad) + N(A))} X
1
EWNK (=) (E(a)) — E(a2))) + E(aN) K (—al)(E(a2)) — E(\)) + E(a2A\) K (—a2)) (E(\) — E(a)))
(6)

11
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4 Asymptotic analysis within cl(ﬁg )

Decaying terms: e~*, e~ioA ¢gia”A,
Blowing up terms: e, et} e=iaA,
Note that we have already found the decay rate of all the terms inside the ratio term (6]

within all three closures in Problem 1. Hence, within cl(ﬁz_ ) the terms have the following

12



Bekzod Normatov

decay rates as A — oo:

1
e~ [ ke =0

A

1 .
Q) ~ [ Kpeiarti.1) =0 (
(@)

1
Qa)) ~ / K (y)e* Mg’ tiy, 1) =
0

4.1 Denominator

Substituting above decay rates into the denominator in @ we get

ro (o (i) () wo ()

EWNEK (- (E(a)) — E(a®X)) + E(aN) K (—a\) (E(a?)) — E(\) + E(@?\) K (—a®))(E(\) — E(a))) =
by A
(=)

ol o (|5 o () o (o (|5 ) o ()
4.2 Numerator

—ia?
ewa)\

A

Note that the numerator of the ratio term @ has some problematic blowing up terms
that are multiplied:

A2E(a2N)Q(a2N)—a2E(a2 N K (—a?A)N(a2)) = —a?E(a?)) (f((—oﬂA)N(aQ)\) - Q(a2)\))

13
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First, we examine K (—a2)\)N(a2)) — Q(a2\):
adAJMJJ/3K@wm”wy—/QK@EM“%ufxaylwy
/ K () Mg(a®A, 0, 1)dy — / K(y)e" G2\, t;y, 1)dy
/ K ()™ (q(0®X,1;0,1) — a®A, ty, 1)) dy

_/ N K (1)d(a2\, 1 0, 1) dy
0

1 a2\ ~ 2 y=1 1 ! a2\ —ia?) 10N~ 2
= [e YK (y)q(a A,t;O,y)} o x| € 4 [K(y)e Yq(y,t) + K'(y)q(a X, £;0,y) | dy
1 2) 2 1 /1 102Ny 7 () N A 2
- A (1 A\ 10,1 K(y Hdy — - 07Ny g A\ t:0,9)d
— e KO0 - o [ Kty - ()i(e®,4:0,9)dy
=K (1), 10,1) — ]'%w—]‘/imwmem%tow@
ZCM2)\ 2>\ iOéQ)\ 0 s Uy Uy
=0(|) =0(]5])

The problematic term in the equation above is 2 5 90(t). However, since go(t) is a known
function given as a non-local condition, we can factor out this term outside of the integral.

Now rearranging the numerator in () and substituting the decay rates of individual
terms we get

(E(a®)) - E(a ))( Q(a®X) + aQ(a)) + Q)
— (B(@®NE(—a®)\) — B(aN)K (—a))) (a®N(a?)) + aN(a)) + N()))
=E(a®)) (aQ(a ) Q) — E(a))(a?Q(a®)) + aQ(a)) + Q(N))
E(@®)\) K (—a®X) (aN(a)) + N(A)) + E(eN) K (—a)) (e2N(a?)) + aN(aX) + N(\)

— a2E(a?)) (f{( A2A)N(a?)) — (aQ/\))
0

oo () o (Do (|5]) o ([T N e (3) o (i) e (|57
oo ()
_o ( o )
Thus, the decay rate of the ratio term inside f ~ — is
ZE= )
O( eﬂ‘;% ) B A

14
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Hence, as A — oo, this term approaches 0 within ¢l (IN); ).

~

5 Asymptotic analysis within c/(D;)

Decaying terms: e}, et e—ia®X,
Blowing up terms: e**, e, i,

Note that the decay rate of the ratio term (??), which can is a function of A is inde-
pendent of a particular A mapping. Moreover, by applying a particular mapping A — aA
to the decaying and blowing up terms within cl(ﬁg ) we can retrieve the decaying and
the blowing up terms within cl(ﬁz_ ). These two facts are enough to conclude that the
decay rate of the entire ratio term (??) within ¢l (55 ) is the same as the decay rate within

cl(l~?2_). So, the decay rate of the ratio term inside faAff is O (‘%D Thus, as A\ — oo, this
3

term approaches 0 within ¢l (55 ).

15
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