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EQUATION

by Bekzod NORMATOV

We study the long time behaviour of the solution of the Stokes equation
on a finite interval when the prescribed boundary and non-local condi-
tions are time-periodic. We adapt the Q-equation approach pioneered by
A. S. Fokas and M. C. Van der Weele in 2021 to solve the problem in a
time-periodic regime and then reconstruct the solution to the problem
with an explicit initial condition. We show that the transient effect of the
initial condition may be ignored in the long time limit under certain as-
sumptions. Finally, we formulate a useful conjecture encompassing the

main results found in this project.
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Chapter 1

Introduction

1.1 Motivation

An Initial Boundary Value Problem (IBVP) is a type of mathematical
problem that involves finding the solution to a differential equation, given
certain initial conditions and boundary conditions (Evans, 2022). The ini-
tial conditions specify the values of the solution and its derivatives at
a particular initial time, while the boundary conditions specify the be-
havior of the solution at the boundaries of the domain over which it is
defined. For example, the heat equation is a common initial boundary
value problem, where the temperature at different points in a material
is modeled over time, subject to initial and boundary conditions (Reed,
Simon, et al., 1980). Another example is the wave equation, which de-
scribes the behavior of waves, such as sound or light, subject to similar
conditions.

Initial Boundary Value Problems come in various shapes and sizes
and solving them can be a challenging task, but it is a fundamental prob-

lem in many areas of science and engineering, from fluid mechanics to
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electromagnetics. In this project, we consider IBVPs posed on two-di-
mensional domains of independent variables, position x and time ¢, with
corresponding initial condition, boundary conditions, and a partial dif-
ferential equation describing a physical system.

There are many ways to set up these problems making them more dif-
ficult or easier to solve. The classical method involving the separation of
variables and the use of the Fourier series to solve IBVPs was proposed by
Joseph Fourier in 1822 and has been extensively studied (Fourier, 1822).
However, this method falls short in addressing IBVPs that involve at least

one of the following:

e IBVP with inhomogeneous boundary conditions, e.g. u,(0,t) =
g(t), where g(t) is a known function of time (unless g(t) decays

in t).

¢ IBVP with non-local conditions, which describe a weighted average
of the solution, e.g. fol K(x)u(x,t)dx = h(t), where K(x), h(t) are

both known functions.
¢ IBVP with high order PDEs, e.g. the Stokes equation u; = —uyyy.

A relatively new method for solving this class of more general IBVPs
was developed in 1997 by Fokas, and hence named the Fokas Transform
Method, also known as the Unified Transform Method (Fokas, 1997). A
thorough introduction to the method can be found in (Fokas, 2008) and
(Deconinck, Trogdon, and Vasan, 2014). The method can be customized
to solve a whole class of IBVPs with higher-order PDEs, non-local con-

ditions, and inhomogeneous boundary conditions. The method utilizes
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the Fourier Transform and allows for an explicit contour integral solu-
tion representation that cannot be obtained using a classical method. The
ongoing research on the Fokas method has advanced our understanding
of higher-order PDEs greatly. However, the Unified Transform Method
requires significant mathematical background and expertise to use effec-
tively, and the derivation of the solution can be time-consuming. That is
where lies the benefit of the most novel approach to solving IBVPs based
on the so-called Q-equation. The method was pioneered by Van der Weele

and Fokas in 2021 (Fokas and Weele, 2021).

1.2 Setting up the Problem

The project considers a specific Initial Non-local Boundary Value Problem
with the Stokes equation, inhomogeneous time-periodic boundary and
non-local conditions, and an explicit initial condition on a finite interval
L. To reduce the amount of notation used, we assume, without loss of
generality, that L has a value of 1. We can do that due to the rescaling
argument (Davenport, 2017). In particular, we consider a problem with
one non-local (1.1.NC), two boundary conditions (1.1.BC1) and (1.1.BC2)

and an explicit initial condition (1.1.IC). The Problem is set up below.

up(x, ) + txax (x,£) = 0 (x,t) € [0,1] x [0,0),  (1.1.PDE)
u(x,0) = U(x) x € [0,1], (1.1.IC)

u(1,t) = ho(t) t € [0,00), (1.1.BC1)

ue(1,8) = Iy (8) t € [0, 00), (1.1.BC2)

/01 K(y)uly, Hdy = a(t) t € [0,00), (1.1.NC)
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where functions U(x), ho(t), h1(t), a(t) and K(y) are all known and well-
defined. We will come back to this problem in the later chapter, and
hereon it will be referred to as Problem (1.1). By adapting the Q-equation

approach to this problem, we aim to:

1. Show that for large t the solution is indeed asymptotically time-

periodic.

2. Find an explicit, asymptotically valid time-periodic representation

for the solution.

1.3 About Q-equation formalism

The Q-equation formalism relies on building Dirichlet-to-Neumann, also
referred to as Data-to-Unknown (D-to-N) mapping. D-to-N mapping
provides a simple, algebraic way of finding unknown boundary values
from the known data of the problem. The Q-equation relates Fourier co-
efficients of the boundary values and a Fourier transform of the solution
of the problem. Therefore, by reconstructing the boundary values from
the Fourier coefficients it provides a map from the data to the unknown

boundary values, a D-to-N map.

1.3.1 Time-periodicity assumption

The Q-equation method necessitates the assumption of the time-periodicity
of the solution. However, this assumption, in turn, introduces an error
term, which comes from the difference in the initial conditions of two

problem setups: the implicit initial condition that ensures a time-periodic
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solution might differ from the explicit initial condition in the IBVP we ac-
tually wish to study. The given IBVP may not truly be time-periodic but
tend towards a time-periodic solution for large ¢t. Hence, a necessary step
in any application of the Q-equation method is the asymptotic analysis of
the behavior of the error term for large t. In other words, one require-
ment is to show that for large t the solution without any assumption of
time-periodicity tends towards a time-periodic solution.

First, we need to extend the Q-equation method to problems with non-
local data to express a non-local Q-equation. Then, using the non-local Q-
equation we can find the unknown boundary values. Once all the bound-
ary values with a common period T are found, and the analyticity con-
ditions hold, we can create an explicit initial condition that ensures the
solution to the corresponding problem is exactly T-periodic. Having
found the time-periodic solution allows us to establish the error term and
asymptotically analyze it for large t. As mentioned earlier, we expect to

show that the error term decays in time.

1.4 Why we study the Stokes equation

The Stokes equation (1.3) is a useful partial differential equation from
both an applied mathematics and a pure mathematics point of view. It is
a simplification of the Korteweg—De Vries (KdV) equation (1.2) for u very
small, and the main reason why we study the Stokes equation instead

of the KdV is that the Stokes equation is mathematically more tractable
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given the scope of this paper. Both equations can be seen below.

U+ Uyxy =0 (1.3)

The Korteweg-De Vries equation (1.2) was originally derived to describe
the behavior of long waves traveling in shallow canals. This equation is
a nonlinear partial differential equation that describes the evolution of a
certain type of waves known as solitons (Korteweg and De Vries, 1895).
The KdV equation can also have applications in various other physical
systems such as tsunamis in the open ocean (Yaacob, Sarif, and Aziz,
2008). That is because the main assumption made in the derivation of
the KdV equation is that the wavelength of the wave is much longer than
the depth of the water (Korteweg and De Vries, 1895). This assumption
is known as the shallow water assumption, and it is satisfied in the open
ocean, where the wavelength of a tsunami is typically on the order of
hundreds of kilometers or more, while the depth of the ocean is typically
on the order of a few kilometers (IOC-UNESCO, 2019).

Another important assumption made in both the KdV and the Stokes
equation is that displacement in the second spatial dimension y is ig-
nored. This simplification is made because there are situations where
variation in the second spatial dimension is extremely small and hence
negligible. For example, after a tsunami has traveled some distance its
wavefront has little variation in the alongshore direction while having
lots of variation in the perpendicular to the shore direction. These are the
situations that are interesting to us in this paper.

Overall, the two assumptions explained above are both simplifying
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and relevant as they are realistic in certain physical systems. These sys-
tems are the ones we want to examine and model using the Stokes equa-

tion (1.3).

1.5 Why we study D-to-N maps

There are two main reasons why Data-to-Unknown mapping is useful
in solving non-local initial boundary value problems. First is that in
some physical systems that can be described using the Stokes equation
or another PDE, we might be primarily interested in what happens at
the boundaries of the system. For example, consider a tsunami wave in
the open ocean. The most interesting or even important behavior of the
tsunami would be where it touches the ground, the bridge, or the wall,
which in other words is the boundary of the open ocean. In cases like
this where we are interested in the behavior of the system at its boundary
solving directly for the boundary conditions is more sensible and useful
than finding a general solution first.

We might also solve for the unknown boundary values because in
some situations solving D-to-N maps makes it easier to solve the full
problem. Indeed, having equations for all boundary values allows us
to reconstruct the solution as can be studied in (Deconinck, Trogdon, and
Vasan, 2014). Hence, we rely on the Q-equation formalism that uses D-to-N

mapping to solve Problem (1.1).
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Solving the Problem

2.1 Methodology

We use the same method as in (Fokas, Pelloni, and Smith, 2022) of find-
ing unknown boundary values in problems with time-periodic boundary
conditions. However, instead of a problem with 3 time-periodic bound-
ary conditions, we adapt the method to a problem with both boundary
and non-local conditions as well as a problem with only non-local con-
ditions. Non-local conditions allow for generality that is lost when we
consider explicit boundary conditions. The methodology of finding the
unknown time-periodic boundary values relies on the definition of the Q-
equation and the solutions rest on the analysis of this equation. Following
the same method as in (Miller and Smith, 2018) and (Pelloni and Smith,
2018) for solving problems with non-local conditions, we first obtain a
non-local formulation of the Q-equation.

As mentioned earlier, non-local conditions can be seen as general-
izations of boundary conditions as they capture the behavior of the so-

lution of the problem over some finite interval. Hence, we first adapt
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the methodology used in (Fokas, Pelloni, and Smith, 2022) to the follow-
ing Initial Non-local Boundary Value Problem with the Stokes equation,
an explicit initial condition and three time-periodic non-local conditions,

with common period T:

up(x, ) + thyrx(x,£) =0 (x,t) €10,1] x [0, 00), 2.1)

Ko(y t)dy = a(t) t € [0,00),

Ka(y t)dy = c(t) t € [0,00),

J
‘KKl ,H)dy = b(t) t € [0,00),
J

u(x,0) =: U(x) x € [0,1].

Problem (2.1) is posed for x € [0,1] and t > 0 and functions a(t), b(t),
c(t), Ko(y), K1(y), K2(y) and U(x) are all known and well-defined. The
first building block of finding the unknown time-periodic boundary terms
is to set up a new problem in a time-periodic regime with a period T so-
lution and an implicit initial condition that depends on the time-periodic

solution. This problem is set up below:

qt(x, ) + quxx(x,t) =0 (x,t) € [0,1] x [0, 00), (2.2)

Ko(y)q(y, t)dy = a(t) t € [0,00),

J
/OlKl q(y, t)dy = b(t) t € [0,00),
/0 Ka(y)q(y, t)dy = c(t) t €[0,00),

g(x,t) =q(x,t+T) (x,t) € [0,1] x [0, 00).

Problem (2.2) is also posed for x € [0,1] and ¢t > 0 and functions a(t),
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b(t),

c(t), Ko(y), K1(y), Ka(y) are all known and well-defined. Moreover,

the time-periodicity assumption is represented by g(x,t) = g(x,t + T),

where T > 0 is a common period. Having set up these two problems we

can move to the general method used to solve Problem (2.1).

The Method:

1.

Calculate the non-local Q-equation using a similar method to (Miller
and Smith, 2018). This will relate Fourier coefficients of the non-
local values a, b, c with the Fourier coefficients of the boundary val-

ues on one side, e.g. at x = 1.

Calculate the period T Fourier coefficients A;, B;, C; for j € Z of the
non-local values a, b, c.

1)

Solve the non-local Q-equation for H].(O),H; ,H]@, which are the

Fourier coefficients of period T Fourier expansions of all the bound-
ary terms on one side, e.g. at x = 1. Note: this might not work, the

matrix might be singular!
Calculate the usual Q-equation with 6 boundary values.

We already have found the Fourier coefficients of the period T Fourier

expansions of all the boundary values on one side, i.e. H;O) , H],(l), H].(Z).

Hence, by solving the usual Q-equation, calculate the period T Fourier

coefficients G](O), G]Q), G](z)

e.g. at x = 0. Note: this might not work, the matrix might be singu-

of the boundary values on the other side,

lar!

Use the usual Q-equation to obtain q;(A) for j € Z, which are the
period T Fourier coefficients of the temporal Fourier expansion of

g(A, t), where the latter is a spatial Fourier transform of g(x, t).
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10.

11.

Use Fourier inversion to obtain g(x, t). This solves Problem (2.2).

Evaluate g(x,0) =: Q(x). If Q(x) = U(x), then Problem (2.1) and
Problem (2.2) have the same solution. However, usually, that is not

the case.

. Setup anew problem with v(x, t) as the unknown such thatv(x, t) =

u(x,t) —q(x,t):

ve(x, 1) + Uxxx(x, 1) =0 (x,t) € [0,1] x [0, 00),
/OlKO Hdy =0 t e [0,00),
01 Ki(y t)dy =0 t € [0,00),
01 Ko (y t)dy =0 t € [0,00),
v(x,0) =: V(x) x € [0,1].

Note that all three non-local conditions are now homogeneous.

Solve for v. The solution has already been found in the research
project conducted by the author of this paper and the supervisor
(Smith and Normatov, Accessed 2023-03-24). Hence, reusing that

work we have an explicit contour integral solution for v(x, t).

u(x,t) = v(x,t) + q(x,t) solves Problem (2.1). However, on top of
solving for 1, we want to show that the solution is asymptotically
time-periodic for large t. That is equivalent to saying that for large
t, v(x,t) approaches zero. Moreover, we want to analyze how fast
function v decays in time. In order to do that we conduct an asymp-

totic analysis of v(x, t) and we formulate a conjecture.
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Remark: Note that while the problem setup used in the methodology
above has no boundary conditions, the method can still be applied and
will be applied to problems where some non-local conditions are replaced
by boundary conditions. In fact, boundary conditions make the problem
algebraically simpler as the dimension of the Q-equation matrix is likely
to decrease.

If we succeed in proving the conjecture mentioned in step 11, which
will be formulated later, we will be able to show that for given time-
periodic non-local and boundary data, the solution u(x,t) is asymptot-
ically time-periodic. Generalizing this to the necessary conditions for
asymptotic periodicity is outside the scope of this paper. However, the
analysis of the solution to the problem considered in this paper provides

useful insight into what conditions are necessary.

2.2 Problem setup

Now, we apply the above methodology to a specific problem that we con-
sider in this paper. Recall Problem (1.1), an Initial Non-local Boundary
Value Problem with inhomogeneous time-periodic boundary and non-
local conditions and an explicit initial condition.

In order to solve Problem (1.1), we set up a new problem, Prob-
lem (2.3), in a time-periodic regime. This problem has the same inho-
mogeneous time-periodic boundary and non-local conditions. However,
Problem (2.3) does not have a prescribed explicit initial condition com-

pared to Problem (1.1). Instead, it has a periodicity condition represented
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by equation (2.3.PC), where T > 0 is a common period:

102, 1) + Gexx (x,£) = 0 (x,t) € [0,1] x [0,0), (2.3.PDE)
gx,t) =q(x,t+T) (x,t) €[0,1] x [0,00),  (23.PC)

q(1,t) = ho(t) t € [0,00), (2.3.BC1)

gx(1,£) = hy (1) t € [0,00), (2.3.BC2)

/0 "K()aly, Dy = a(t) t € [0, 00). (2.3.NC)

First, we aim to find the unknown boundary values in Problem (2.3). We

use the same method as outlined in the previous section.

1. Weuse y,z € [0,1] with y < z, which are variable artificial bound-
aries of x. We already know the usual Q-equation for these bound-

aries:

0 a1 » .
[g ~ A3]q(/\; ty,z) = e M (qe(y, t) +idge(y, £) — A*q(y, 1))

— e M (qex(z,t) +irga(z,t) — A%q(z2,1)).
(2.4)

We evaluate the above equation at z = 1 and multiply by e*YK(y):
d i3] i =
5; — AT EVR(y)a(A Y, 1)

= K(y) (72x(y 1) + iAga(y, 1) = A%q(w, 1))

— e MK (y) (qxx(l, £) +iAge(1,t) — A%q(1, t)).



Chapter 2. Solving the Problem 14

Now we integrate in y from 0 to 1:

1
5| [ KRt Dy
= / Y)qx (y, t)dy + A / Y)4qx(y, t)dy
2 [ Kty iy

1
- /0 e M-I (y) (g1, ) +iAq2(1,1) = A%q(1,1) ) dy.

The equation above is the non-local Q-equation as it contains both
non-local and boundary terms. Now we can substitute the non-

local and boundary data into the non-local Q-equation:

[%—17&3} / LRGN, 1)dy
= / Y)qxx(y, t)dy +iA / Y)qx(y, t)dy
— A2a(t) = R(A) (4:x(1,£) + iAh (1) = A%ho(1))
= / Y)qxx(y, t)dy +iA / Y)qx(y, t)dy

K(A)gax(1,8) — A2a(t) — iAK(A)hy () + A2K(A) R (t)
(2.5)

for K(A) := [y e O=¥K(y)dy.
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2. Before we calculate the period T Fourier coefficients, we denote a

few functions. Let

B

: = Feer[ho] (]),
= Fser[hl](j)r
= Fser[hz] (])/

= [ [ KTy D] )
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Then, by the Fourier series representation for a periodic function in

equation 4.11 from (Chaparro and Akan, 2018),

— 2 Ajeijwt’

JEZ
t) = Z Bjeij“’t,
JEZ
o(t) =) C]-eij“’t,
JEZ
2 H z]wt
jEZ
Z H z]wt
JEZ
Z H z]wt
jEZ
1 . .
| M K@as Ly Dy = T Q0
0 :
JEZ

3 1. _ ) e
= o [ MKW LY, Dy = ¥ (i0)Q) (M),
dt Jo jez

3. All the equations above are the period T Fourier expansions of the

corresponding boundary or non-local terms. Now we substitute

these into the non-local Q-equation (2.5):

) el (ijw — 1/\3)Q] =) ellwt <C +iABj — K(/\)H.(z)
]
JjEZ jeZ

— A2A; —iAR(\)H “+M(M;%.

We use the following corollary that is proven in Appendix 11.
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Corollary 1. If Vx € [—b,b],

y eijnx/blxj -y eijnx/b‘Bj.

jEZ JEZ
Then, Vj € Z,0; = B;.

By the above corollary, Vj € Z

(ijw — iA®)Q(A) = Cj +iAB; — K(A)H|

—A24; —iARMHY + 2RMHD. (2.6)

—~

We want to argue that the left side of the above equation, hence also
its right side, are zero for all A such that (ijw — iA3) = 0. However,

we should first check that Q;(A) is finite for any such A.

Lemma 2. Suppose Q;(A) is a function of Fourier coefficients defined by

1 2 1, . i .
Qi(A) = T/g/o EMK()G(Asty, )dye~iildt, WA €C,VjeZ

where

1 .
gAty, 1) :/ e*”\xq(x,t)dx,
Y

T is a period of q(x,t), w = Z* and K(y) is a known function for y €
[0,1]. Then, VA € C,Vj € Z

1Qj(A)] < eo.

The proof of the above lemma is provided in Appendex 12. Note
that by Lemma 2, |Q;(A)| is finite and the equation (2.6) holds VA €



Chapter 2. Solving the Problem 18

C. In particular, it holds for those A for which the left-hand side of
equation (2.6) is zero, i.e. those A for which ijw — iA3 = 0. This

simplifies equation (2.6) to

~

Cj+iAB; — KA H? = 224, +iARWH" - 2R H. 27)

For each j € Z\ {0}, there are three such A: Aj,aAj, a?A;, where
A= {jw,a= 3. Denote

Nj(A) = A2A; +iAR(\)HY — A2R(A)H”
as our known data. Now applying maps A — Aj,A — aAj,A —

042)\]- to equation (2.7) forms a system of three linear equations with

three unknowns:

1y R\ [ ¢ Nj(A)
1 iﬂéz/\]‘ —K\(lxz)\]’) H]-(Z) N](lxz)\])

We seek period T Fourier expansions of all the necessary bound-
ary values on the right, i.e. H;O), ngl), H].(z). Since, we already know

H ].(0) ,H ].(1), we only need to find an equation for H ]-(2) using the above

system (2.8).

Remark: This might not work if the system is singular at A;, aA;, zxz)xj
as defined above. To check that, one could find zeros of the matrix
using a numerical root-finding algorithm based on the principal ar-

gument. If the system is singular, we cannot proceed further, and
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the result is that the given initial non-local boundary value prob-
lem does not have a time-periodic or asymptotically time-periodic

solution!

We proceed under the assumption that system (2.8) is not singular.

Then, the determinant is
A(A}) = iAj(a — a?) [K(Aj) +aR(wh)) + azk(oﬁ;\j)} ,

Now, we seek ngz) using Cramer’s rule. The modified Cramer’s

matrix is
1N N;(A))
0 i(a—1)A; Nj(ad;) —Ni(A) |
0 i(a®—1)A; Nj(a?A;) — N;(A))

and its determinant is equal to

AH(Z)()\]') = —i)\]'(Oc — 0(2) [N]()L]) + OCN]'(IX/\]') + zszj(tszj)} .

j

Then,
A o(A)
g —
j AY)
Nj()\j) + IXN]'(DC)\]') + 0(2Nj(0(2/\]')

T I/<\(/\]) + DCK(OL)\]') + IXZK((XZ/\]') ’ VJ €z \ {0}

Now we seek H](Z) for j = 0. Letting j = 0, equation (2.6) becomes

—iA3Qu(A) = (co +iABy — K(A)Hé”)

+ (=2%40 — ARV HY + 2RV H)
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(2)

Note that we are only interested in finding H,”’. Letting A = 0, we

get
Y = Lo
K(0)

(2)

Finally, we have found H j Vj € Z. Now, we can reconstruct the

last boundary term on the right, i.e.

qxx(l t — hz Z H l](Ut.
j€Z

4. We evaluate the usual Q-equation (2.4)aty =0,z = 1:

{% — z/\3} G(A; 1) = (qxx(0,1) +irgx (0, £) — A24(0, t))

e (qux (1, 1) +iMgy(1, 1) — A%(1,1)).

We already know all boundary values on the right at position x = 1,

i.e.
ho(t) = q(L,t),
hi(t) = qx(1, 1),
ha(t) = qxx(1,1).
Then, let

go(t) =4(0,t),
gl(t) = ‘h(olt),
g2(t) = qxx(0, ).
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Substituting these into the above Q-equation we get

{% - i)\31 G 1) = (82(t) +irgi(t) — A%go (1))

—e M (ha(t) +id (t) — A%ho(t)).  (2.8)

5. Note that we already calculated the period T Fourier expansions of
the boundary terms on the right in step 2. Now we calculate the
period T Fourier expansions of the boundary terms on the left and

of 7(A; t). First, for w = 27”, denote

Then, by the Fourier series representation for a periodic function in

equation 4.11 from (Chaparro and Akan, 2018),

_ (0) ij
so(t) = Y- Vel
jeZ

g1(t) = Z Gj(l)ei]'wt,
jez

o) = X G0
jeZ

g L) = Z Qj(/\)eijwt,

jez

J_. s ijw
= S04 1) = ) (ijw)g;(A)e’.
jEZ
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We substitute the period T Fourier expansions into the Q-equation

(2.8):
Y e (ijw —iA%)g;(A) = Y e”“’t<G](2 +1AG( ) /\ZG](O)
JEZ jEZ

—id (7(2) | oy (D) 217(0)
—e (H]. +iAH" — A2H] ))
Then, by Corollary 1, Vj € Z

(ijew — iA)g;(A)
=GP +iAG!Y - 226" — e M (HP +ian - 22H"). 29)

We want to say that the above equation is zero for all A such that

(ijw — iA3) = 0. However, we should first check that g;(A) is finite

for any such A.

Lemma 3. Suppose q;(A) is a function of Fourier coefficients defined by

T
2

5i(A) = ; [ anne i, wecvjez

NH

where

1
g(A;t) :/ e N g(x, t)dx,
0

T is a period of q(x,t) and w = 3F. Then, VA € C,Vj € Z
[9;(A)] < co.

The proof of the above lemma can be found in Appendix 13. Note

that by the above lemma, |g;(A)| is finite and equation (2.9) holds
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VA € C. In particular, it holds for those A for which the left-hand
side of (2.9) is zero, i.e. for those A for which ijw — iA® = 0, which

simplifies the equation to
6P +irGV =226 = e~ (B + Al - A2H) . 210)

For each j € Z\ {0}, there are three such A: Aj,aAj, a?A;, where

A= {jw,a= 3. Denote
i (@) 4D 3 274(0)
Nj(A) := e (H? +idHY — A2H)

as our known data. Now applying maps A — Aj,A — aAj,A —
042)\]- to equation (2.10) gives a system of three linear equations with

three unknowns:

; 2 (2)
1 iad; —a?A2 | |GV | = | Ni(aay) |- (2.11)
, 0
1 ia®A; —aA? G].( ) N;(a?A;)

We seek the period T Fourier coefficients of all the boundary val-

ues on the left, i.e. G(O), GO), G(Z)

i GG We seek the unknowns using

system (2.11).

Remark: This might not work if the system is singular at A;, aA;, a?A;
as defined above. To check that, one could find zeros of the matrix
using a numerical root-finding algorithm based on the principal ar-
gument. If the system is singular, we cannot proceed further, and
the result is that the given initial non-local boundary value prob-

lem does not have a time-periodic or asymptotically time-periodic
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solution!

We proceed under the assumption that system (2.11) is not singular.
The full solution to the system can be found in Appendix 14. Based
on the solution, Vj € Z \ {0}

G(O) _ N]()\]) (Déz — IX) + N](D(/\])(l — 062) + N](DCZ/\])(DC — 1)
] —3(a2 — 0&))\]2 ’
ch Nj()\]’)(lxz — o) + Nj(aAj) (e — 1) + Nj(txz)\j)(l —a?)
j 3idj(a? — ) ’
G](Z) _ N]()L]) + N](ﬂcétj) + N]'(DCZ)L]').

Now, we seek G](O),G]m, G](Z) for j = 0. For j = 0, equation (2.9)

becomes
—ir%qo(A) = G +iAGY =26 —e M (HP +irHY — A2H).

Letting A = 0 and differentiating with respect to A multiple times,

we get

G(()l) _ Hél) B Héz),
1
Gy = sHY = HY + H{”.

The full solution can be found in Appendix 15. Finally, we have
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found G](O), G;l), G](Z) Vj € Z. Now, we can reconstruct all the bound-

ary terms on the left, i.e.

q(0,1) = go(t)
— Z G(O)eijwt

JEZ /

9:(0,) = &1(t)

_ 2 Gj(l)eijwt’
jeZ

xx(0,1) = ga(t)
— Z G](Z)eijwt.

jez

6. We use the usual Q-equation to obtain an expression for g;(A) which

holds Vj € Z:

G +iAGY - %G1 — e (HP) + iR — 2H")

— ] J
%) = ijw — iA3

7. Now, we can use Fourier inversions to obtain g(x,t), the solution
to Problem (2.3). By the Fourier series representation for a periodic

function in equation 4.11 from (Chaparro and Akan, 2018),

g t) =Y el gi(p).
jez

Now using Fourier Transform Inversion Theorem from (Braaksma,

1966),
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8. We evaluate g(x,0) to get the initial condition Q(x) for the time-

periodic solution g(x, t):

Q(x) : =4q(x,0)

_L PN . iAx
=5 /Ooq()x,O)e A

1
= / ¢ Y gi(A)dA.

- jez
We proceed under the assumption that Q(x) # U(x).

9. We set up another Initial Non-local Boundary Value Problem with
the solution v(x, t) such that v(x,t) = u(x,t) — q(x,t). First, note

that the PDE stays the same:

O = Ut — g (2.12)
= _(uxxx — Qxxx)

= —Uxxx-
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However, the boundary and non-local conditions are now homoge-

o(1,) = u(1,t) — q(u,t)
= ho(t) — ho(t)
=0,

0(1,8) = 1e(1,£) — qa(u, 1)
= hy(t) — ha(t)
=0,

1
|| K@iy = [

[ K@)ty )~ qty,0)dy
1 1
|| Kty oy — | Ky, 1y

() —a(t)
= 0.

I
D

Finally, the initial condition is given by V' (x):
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10. We can find an explicit contour integral solution for the above prob-

lem in (Smith and Normatov, Accessed 2023-03-24):

/_OO ei)\x+i)k3t‘7(/\)d/\_|_/aD+ eiAx+i/\3tg+()L)d/\

4 . el'/\(X*l)+l'/\3t€* (/\)d/\] (213)

valid Vx € [0,1],Vt € [0,00), where

W(A) + aW(ad) + a?W(a?A)

K(A) 4 aK(aA) + a2K(a27)
) = D) — WO +aW (@) + W)
K(A) 4+ aK(aA) + a?2K(a?))

) =-

and

W(A) = /01 K(y)e™V(A;y,1)dy,

R(2) = [ Kpe vy,
0
and where the domains
D* = {A e C:R(—iA%) < 0and + (1) > 0}

have positively-oriented boundary.
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11. Finally, we can solve Problem (1.1):

u(x,t) =q(x,t) +ov(x,t)
— 1 RPN ) HiAX
= E/_ooq()\,t)e dA

1 S L | |
+ E [/_oo el/\x+1A3tV()\)d)\ + /3D+ €ZAX+Z)‘3f€+(A)dA

+ . ei/\(x—1)+i)\3t€— (/\)d)\} _

We hope to prove that the above solution to Problem (1.1) is asymp-
totically time-periodic, which is equivalent to the error term v(x, t)
decaying as t — oo, which is exactly the statement of Conjecture 4
below. We use asymptotic expansions in order to re-write contour
integrals that constitute v(x, t). However, that is still to be shown in

the following chapter.

2.3 Formulating a Conjecture

Continuing step 11 above, we can formulate a conjecture that will allow
us to state that the solution to Problem (1.1) is indeed asymptotically

time-periodic.

Conjecture 4. Consider an Initial Non-local Boundary Value Problem with
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the Stokes equation that satisfies an explicit initial condition (2.14.1C), homo-
geneous boundary conditions (2.14.BC1), (2.14.BC2) and a homogeneous non-
local condition (2.14.NC):

(X, 1) + Ve (%, ) = 0 (x,t) € [0,1] x [0,00),  (2.14.PDE)
o(x,0) = V(x) xe[0,1], (2.141C)
v(1,£) =0 t € [0,00), (2.14.BC1)

oe(1,£) =0 t € [0,00), (2.14.BC2)
/0 "K(y)oly, )dy = te [0, 00), (2.14.NC)

where K(y) is a known continuously differentiable function, and V(x) is a
known functon, whose second derivative is absolutely continuous. Then, the

solution to the above problem, v(x,t), decays as t — oo. Moreover, the rate of

decay is O (%) :

A partial proof of the above conjectue can be found in the following

chapter.
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Chapter 3

Analyzing v(x, t) for large ¢

3.1 Defining a Partial Proof

Here, we provide a partial proof of Conjecture 4. Recall the equation for

v(x, t) as stated in expression (2.13) and defined in step 10:

1

v(x, t) = oy

[/_w eiAx+iA3t‘7(A)d/\+ . eiAx+i/\3t€+()\)dA

I /aD 1) +iN = (A)dA] '

First, we re-write the above equation for v(x, t):

1 ® a3 1 ix3
f) = — MG, (A)dA / AN (M)A
v(x,t) 27([/006 oo(A)dA + ane Zt(A)

[ VI Qyda g [ DI Qda
aD; oDy

(3.1)
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where

D} =D,
D, ={A€C:A e D and R(A) <0},

Dy ={A€C:A e D and R(A) > 0}.

Note that equation (3.1) now consists of three contour integrals and a
real integral. We say the proof is partial because while it is necessary to
show the decay of all integrals in order to prove Conjecture 4, we will
only analyze the last contour integral around the boundary 0D, ast —
co. That is primarily because studying the entire solution v(x, t) requires
more time. A more thorough discussion on this will be given in the final

Chapter. In order to keep the notational burden to a minimum let
v3(x,t) 1= / M HN = ()Y g
D5

Our aim is to show that for large t,v3(x,t) = O(1). First, we state the

following useful lemma, whose proof can be found in Appendix 17.

Lemma 5. Suppose vz : [0,1] x [0,00) — C is a function defined by
v3(x, t) = /a el’”x—”“”’-‘g—()\)d)\ Vx €[0,1],t >0,
Dy

where




Chapter 3. Analyzing v(x, t) for large t 33

and
1 o
W) = [ K)e™V(by, 1)y,
0
1 ,
R(b) = [ Kpe 1 Vay,
0
N r .
V(b;y,1) :/ e~ YV (x)dx,
y
j2n
N =2e 3 ,
and

Dy ={A € C:R(—-ir%) <0,—F(A) > 0and R(A) > 0}.
Then, Vx € [0,1],t >0

v3(x,t) = —Ry(t; —a,a)

— lim Ry(t; —b, —a) — blim R3(t;a,b)
—>00

b—oo
. ‘Pl(_b) ib3t . ‘P3(b) —ib3t
i ( —prtt ) T Tt )

where ¢1, 3, R1, R3, and Ry are as defined in Lemmas 6, 7, 8, 9, and 10 respec-

tively.

Using Lemma 5, the equation for v3(x, t) simplifies to

v3(x,t) = —Ry(t; —a,a)

— lim Ry(t; —b, —a) — lim R3(t;a,b)

b—o0 b—o0

+ lim <¢1(_b)eib3f> + lim < #310) e—"b3f> .62

b—oo \ —13b2%t
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At this point, we need to define the following lemmas, whose proofs

can also be found in Appendix A.

Lemma 6. Suppose ¢1 : R — C is a function defined by
¢1(b) =~ (=b)e 10

Vb e R,x € [0,1], where

g—(b) = T = = oy 7
K(b) 4+ aK(ab) + a?K(a?b)
and
1 N
W) = [ K (b, 1y,
0
N 1
R(b) = [ Kpe "0 Vay,
0
V(by 1) = / e~V (x)dx,
y
a=e3
Then,
b——oo

uniformly in x € [0,1].

Lemma 7. Suppose ¢3 : R — C is a function defined by

¢3(b) =~ (be*i%)ei("*l)be_i%e*i%
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Vb € R, x € |0,1], where

K(b) + aK(ab) + a?K(a?b)
and
1 o
W) = [ KV (b, Dy,
0
R@®) = [ K(y)e ™1 Vdy,
0
n =7,
Then,
lim ¢3(b) =0
b—oo

uniformly in x € [0, 1].

Lemma 8. Suppose Ry : R — C is the function defined by

—a k a3
b= [ ()

where ¢ is defined as in Lemma 6, has bounded total variation on the interval
(—o0, —a|, has its dependence on x € [0,1] suppressed, and —oo < —b <

—a < 0. Then,V—a <0

lim Rq(t; —b,—a) =o (%)

b—ro0

uniformly in x as t — oo.
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Lemma 9. Suppose R3 : R — C is the function defined by

bd $3(k) \ it
R3(t;a,b):/a ﬁ(-@kzt)el dk  Vt>0

where ¢3 is defined as in Lemma 7, has bounded total variation on the interval
[a,00), has its dependence on x € [0,1] suppressed, and 0 > a > b > oo. Then,

Va >0
lim Rs3(t;a,b) = o (%)

b—oo

uniformly in x as t — oo.

Lemma 10. Suppose Ry : R — C is the function defined by

a _jnmkym
Rz(t,‘—ﬂ,&l) :/—a% <—()k+7g)> €1ta€ <6u+6)dk vVt >0

pra? ,—i( gy

where co < —a < a < oo, and ¢y is defined as in definitions A.3, has bounded
total variation on the interval [—a,a|, and has its dependence on x € [0,1]

suppressed. Then, Va € R

uniformly in x as t — oo.

Now, using Lemmas 8, 10 and 9 we know that all the remainder terms
in equation (3.2) decay like o (%) as t — co. Using Lemma 6, we know

that

lim (¢1(=b)) = lm (¢1(b)) =

b—oo
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Then, as t — oo,

o (P1(=h) ey 1 (b)Y e
fm ( —B32t ¢ > < 7im g )z}g’ie
< 1 lim $ (_l;)> sup ‘eib3t|
t b—oo _13b be(—a,—oo)

IN

Similarly, using Lemma 7

: $3(b) iy _ (1
f}i%(—i%zte >_O t)”

Hence, equation (3.2) is equivalent to

o=+ (3 o) o ()0 (3) o )
()

Hence, the above contour integral around dD; decays at a rate % as non-

negative t — oo.

Having proven that one part of the contour integral (3.1) decays, it
is reasonable to expect that proving the rest will not be an issue. Even
though this is yet to be shown in future research, we have partially proven
Conjecture 4 and we have good evidence to expect that the rest can be

proven as well.
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Chapter 4

Discussion of the results

We managed to adapt the Q-equation method to find the solution to the
IBVP with the Stokes equation, inhomogeneous time-periodic non-local
and boundary conditions, and an explicit initial condition describing the
state of the system at an initial time, i.e. t = 0. In particular, we consid-
ered Problem 1.1 with two boundary conditions (1.1.BC1), (1.1.BC2) and
one non-local condition (1.1.NC). We found the solution to this problem
by setting up another problem with the same data and PDE, but with the
assumption that the solution is time-periodic, which necessitated an im-
plicit initial condition that aligned with the solution. As explained in the
introductory chapter, the assumption of time-periodicity of the solution,
in turn, introduced an error, which is the difference between the solutions
to the two problems. We expected this error term, which we called v(x, t),
to decay in time, which led to the formulation of Conjecture 4. While we
did not manage to prove the conjecture entirely, we managed to prove
part of it, which is sufficient evidence to expect that had we had more
time, we could have proven the conjecture for the remaining contour in-
tegrals in the expression (3.1) for v(x,t). Notably, the contour integral

v3(x, ) around the boundary 9D} decays at a rate O (1) as t — c.
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4.1 Future Projects

There are a number of points for further research on this topic:

1. We need to check that the zeros of the Q-equation matrix in steps 3
and 5 of the Methodology chapter do not overlap with the three
A maps we used to create systems (2.8) and (2.11). As mentioned
earlier, we can do that by using a numerical root-finding algorithm

based on the principal argument.

2. We need to prove that the remaining two contour integrals and a
real integral in the equation (3.1) for v(x,t) decay as t — co. More-

over, it would be interesting to find out if the rate of decay is at least

O(1) as well.

3. Moreover, we can try to adapt the theory of asymptotic expansions
for the Fourier type integrals as introduced in (Erdélyi, 1956) to our
problems in order to show a faster decay of the error term for large

t.

4. Finally, it would be interesting to solve other similar Initial Non-
Local Boundary Value Problems with two or three 3 non-local con-

ditions respectively.
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Appendix A

Useful Lemmas

In this chapter, I state and provide proof of some useful lemmas and sub-

lemmas used in the capstone.

Corollary 11 (same as Corollary 1). If Vx € [—b, 1],

Z eijr(x/b(xj — Z eijnx/bﬁj.
jeZ j€Z
Then, Vj € Z,0; = B;.
Proof. Let Ej(x) := e!i™x/b Using this notation,
) Ei(x)a; = ) Ej(x)B).
JjEZ j€Z

But then, Vk € Z,

() &jE; Ex) = () BEj Ex)

j€Z jEZ

= ) ai(E Ex) = ) Bi{Ej Ex).

JEZ JjEZ
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By the orthogonality of the Fourier series basis functions, all terms but

j = k in each of these series are 0. So,

ac(Ex, Ex) = Pi(Ex, Ex)-
By the orthogonality of the Fourier series basis functions, (Eg, Ex) # 0.
Therefore, oy = By. O

Lemma 12 (same as Lemma 2). Suppose Q;(A) is a function of Fourier coef-

ficients defined by
1 /% 1 N ’ .
Qj(A) = 7 / ] /0 MK ()F(As Ly, 1)dy e~ ™dt, VA € C, Vi€ Z
-2
where

1 )
Gty 1) = / =My (x, £)dx,
Y

T is a period of q(x,t), w = 2F and K(y) is a known function for y € [0,1].
Then, VA € C,Vj € Z
1Qj(M)] < co.
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Proof. First, we show that |7(A;t,y,1)| is finite for any A € C and for

y € (0,1). Suppose A = u + iv for some u, v € R. Then,

@it D] < [7(3i1,0,1)

1

=|/ e Mg (x, t)dx|

_|/ i(utiv)x x t)dx]

:|/ e e g (x, t)dx|
0
1 .

S/ le”"*||e”||g(x,t)|dx by Theorem 3.1.4
0
1 ,

:/ e |q(x,t)|dx  since |[e7"*| =1 and " >0
0

<e” max |q(x,t)[(1—0) by Theorem 3.3.1
x€(0,1)

< oo because g is continuous

Note that we have also shown that §(A;t,0, 1) is finite for any A € C. This
result will be useful later. Now, we also need to show that fol MK (y)g(Ast,y, 1)dy

is finite. Using the same argument as above,

’/ MK (y)G(Asty, 1 dy‘
_)/ u—HUyK (/\t]/, dy‘
/ €™l [K(y)|[§(Ast,y,1)|dy by Theorem 3.1.4

<(1-0 vy K(y Gty 1
< )yren(3>1<)!e \n}3>1<)! ()!ren(gﬁ)\q( y,1)|

= max |K(y)| max |g(A;t,y,1)| since max,¢(gq)[e” | =1
ye(0,1)

< oo Dby earlier argument and because K is continuous
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Finally, we show that Q;(A) is finite:

Qj(A pﬂTﬁ/le At%)@ewm4
</
T

I

T T i)\y (A
(54 5> max / K(y)d(A; t,y,1)dy

T T
€(-2,2)70

1/\y
agg/ K(y)qg(Arty,1)dy

”\yK (y)g(Aty, 1 dy‘\e i@t dt by Theorem 3.1.4

% / MK (y)G(Aty,1 dy‘dt since [e /%t =1
<1
T

< oo by earlier argument

]

Lemma 13 (same as Lemma 3). Suppose q;(A) is a function of Fourier coeffi-
cients defined by

50 =5 [

I
2

GgA;E) e T, YA e C,VjEZ

N\H

where

1 )
g(At) :/ e*mq(x,t)dx,
0

T is a period of q(x,t) and w = 2%. Then, VA € C,Vj € Z

|9;(A)] < co.



Appendix A. Useful Lemmas 47

Proof. We show that g;(A) is finite for any A € C:

IN

Sl= Sl e

IN

<e™M) max |q(x,t)] by earlier argument
x€(0,1)

< oo because g is continuous in both x and ¢

Solution 14. First, we simplify the system to

@)
11 1 G| Ni(A))
. 1 _
0 a—1 @-1|| NG | = [ Ni(a)) — Ni(A))
0
0 a2-1 a—1) \-22G" N;i(#24;) — Nj(A))

Then, its determinant is



Appendix A. Useful Lemmas 48

Using Cramer’s rule we get:

AG<0) ()L]) = N]()L])(OCZ — lX) + N](DC)\])(l — Déz) + N]'(DCZ)\]‘)(DC — 1),
Ao (M) = Nj(A)) (0% — &) + Nj(arj) (« — 1) + Nj(a?A;) (1 — o),

A (Af) = (@2 — &) (Nj(A)) + Nj(aA)) + Nj(a?A)).

Hence, Vj € Z\ {0}

G(O) _ N]()\]) ((Xz — (X) + N](DC/\]) (1 — 062) + N](ocz/\])(oc — 1)
J —3(a2 — a)A7 ’
G(l) _ N]()\]) (062 — IX) + N](OC)L]) (lX — 1) + Nj(lxz)\]’)(l — 062)
I 3idj(a? — a) ’
G](Z) _ N]()\]) + N](Dé?j\]) + N](zxz)t]) .

Solution 15. For j = 0, equation (2.9) becomes
—i%q0(A) = G +iAGY — A26YY — e (HP 4+ iAHD — A2H).

Letting A = 0 we get

Differentiating with respect to A:

—3iA2q0(7) — iA3gh(A) = iGSY — 2AGLY
+ie”M(HP +idHY — A2H)

— e iHY —2AHY).
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Letting A = 0, we get

Differentiating again with respect to A:

—6iAqo(A) — 6iA%gh(A) — A%l (A)
= 26" + e (HP +irHY - A2HY)

+2ie M (iHY — 2AH") — e~ (—2H").
Letting A = 0, we get

0=—2G" +H? — 20" +2H"

1
SHY — Hy + HY.

= G((,O) =
Finally, we have found G}O), G}l), G](Z) Vji=0.

Definition 16. (Path Integral or Contour Integral) Suppose that -y is a path
over a closed interval [a,b] and that f is a continuous complex-valued function

defined on the graph of «y. The path or contour integral of f on vy is defined as:

b
[ f@z= [ o)y ot
Y a

(Adapted from Asmar and Grafakos, 2018).

Lemma 17 (same as Lemma 5). Suppose v3 : R? — C is a function defined

by
v3(x,t) = /a NI ()dd Ve [0,1)620
3
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where

and

and
D; = {A € C:Re(—iA%) < 0,—Im(\) > 0and Re(A) > 0}
Then, Vx € [0,1],t > 0

v3(x,t) = —Ry(t; —a,a)

— lim Ry(t; —b, —a) — blim R3(t;a,b)
—00

b—o0
. 4’1(_b) ib3t . 4’3(17) —ib3t
- im ( ot ) T Zigp

where ¢1, 3, R1, R3, and Ry are as defined in Lemmas 6, 7, 8, 9, and 10 respec-
tively.

Proof. We start by rewriting this contour integral using Countour Path

Definition 16. We use the following parameterization <y (k) of the contour
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path around 0D; :
r
—k if k € (—o0, —a]
v(k) = ae~ &8 ifk € (—a,a) (A.D)
ke i3 ifk € [a,00)

\

where 4 is a positive real number near 0. Then,

03(x’ t) — /aD ei/\3t€— (A)eiA(x—l)dA
3

_ / et (k) dk

a _jnkym
4 [ it (6”+6)4>2(k)dk

—a
+ / e g (k) dk
a

a .
= Jim | e~ Ft gy (k) dk
a

. ﬂ'Lk s
1 et (6“+6)4>z(k)dk
—a
b .
+lim [ e ®lps(k)dk (A.2)

b—)oo a

where

py(K) : = £ (ke iF)ellx-Dke 'S p=i% (A3)
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In order to asymptotically analyze the above real integrals for large ¢, we

integrate each of them by parts:

i [ etk = i [ 00 e
= jm [Es(kz)telkﬂ T /—_b ddk (ils(kz)t>eik3tdk
where
Ri(t; —b, —a) := / ba %(i”;é:z)t)e—fk”dk
Similarly,

: b
lim [ e " '¢s(k)dk

b—oo Jg
o $3(b) e\ P3(a) i3
_z}ir?o<—i3b2te ) a2t am Ra(tab)
where
R3(t;a,b) := /bi< P3k) >e‘ik3tdk
S\EET  dk \ =3kt
Lastly,
“ itale l(%+%) _ ¢ 1 i ita3eii(76%<+%)
I pa(ak = [ 926) s [ Jax

_ /ll i 4)2(k) >eita3ei(76r§+g)dk
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where

a .4 —i(Zkym

Now, we can rewrite equation (A.2) using expansions of the integrals that

we have accomplished above using integration by parts:

v3(x, t) = (Pl(_a)ei”st — lim <¢1(_b)eib3t> — lim Ry(t; —b, —a)

—i3a%t h—soo \ —i3b2F jm
+ n(rZZZ(Ll) ot _ 472(7;261) gita® Ro(t; —a,a)

t 2 (_1) tT

: ¢3(b) —ib3¢t (]53(61) _ia%t .

! - — lim Rs(t;
T <—i3b2te ) —i3a22t° Jm 3(ta,b)

= Z‘P — Ry(t; —a,a)
— lim Ry(t; —b, —a) — lim R3(t;a,b)

b—oo b—oo
. ‘Pl(_b) ib3t . <P3(b) —ib3t
1 I - LA .
+m ( 302t ) + im <—i3b2te ) (A4)

where

Z‘P — 4)1_(_3)ei“3t _ ¢2(_2a)eita3 4 4’22(”1) pitd® _ ‘P?(‘Z) o in’t
—13a-t e tHE(—1) —13a-t

We want to show that all of the terms in the above equation (A.4) of
v3(x,t) decay as t — oo and that the entire equation is O(1). We do that

by analyzing every term in the equation individually. Using equations
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for ¢1, ¢ and ¢3 in the definitions (A.3), we evaluate

$2(a)  ¢3(a) ] ia3t[¢1(_a) _ $2(—a)

—i3a2t

Z‘P = ¢ it Lnazé_l) 342t +e
[

ta?
t=5-

+ eia3t [g— (a)ei(x—l)ai3172t + l%g— (a)ez(x 1)a
— it [Q%C_we_ig)ei(x_l)”eig e’'s (i + %)]
4 ot [C (a)ei(xl)aﬁ (i N %)}

=0

Now using this result equation (A.4) simplifies to

v3(x,t) = —Ry(t; —a,a)

— lim Ry(t; —=b, —a) — lim R3(¢t;a,b)

b—oo b—oo
- ¢1(—=b) i3 - ¢3(b)
1 LA 1
T ( —i3p2t ¢ T Zise
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Lemma 18 (same as Lemma 6). Suppose ¢, : R — C is a function defined by

$1(b) = = (=b)e” TN

Vb € R, x € [0, 1] where

K(b) + aK(ab) + a?K(a?b)
and
1
W) = [ K)e™ D (biy, 1)dy
0
1
R(b) = | K(y)e -yg4
®) = [ Ky 1y
1
V(by,1) :/ e YV (x)dx
y
P27
x=r¢e73
Then,
b——o0

uniformly in x € [0,1].
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Proof. We start by expanding ¢1(b) using its definition in the statement

of the lemma.

lim ¢(b) = lim <_g—(_b)e—i(x_1)b>

b——o0 b——o0
— T o (_ . —i(x=1)b
Jim (287 (0) fim e
. _ —i(x—1)b
<fm(-0®) s e
()
2 2
— lim (V\i(b) T aW(ab) + & Wi b)) (A.5)
b—oo \ K(b) + aK(ab) + a?K(a?b)

We want to show that the numerator’s decay rate is greater than the rate
of decay of the denominator as b — oco. We start with the asymptotic
analysis of the denominator.

Analysis of K(b) as b — oo.

We start by analyzing the first term. We integrate by parts to reveal

the decay rates of the terms that comprise the integral:

_ ! |
K(b) = /O K(y)e 0¥ dy

SR SRCR PR L S L e g

y=0
1 1 _. 1 /1 b1
= K1) = e le(O)_E A K'(y)e 0¥ dy
1
- 0(5) (A.6)

because as b — o0, e~*(1=¥) is bounded by 1 and the decay rate of the last
term is O <%> times the decay rate of the integral, which decays the same
as K(b).

Analysis of K(ab) as b — co.
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Now, we move on to analyzing the second term of the denominator.

1

K(ab) =/0 K(y)e ™0=¥) gy

- [ieiab(ly)K(y)]i

inb —

LI S LA
0+@/0 e K'(y)dy
-1

_ L —inb L/l / —iab(1—y)
= ap KW+ e KO+ 7 )y KW)e %y
—iab

— (9(6 ; ) (A.7)

because e~*? blows up as b — 0.
Analysis of K(a2b) as b — co.

Finally, we asymptotically analyze the last term.

~ 1 )
R(a2b) = /0 K(y)e b 1-1) gy

_ __1 —ia?b(1—y) y=1 L/l —ia?b(1—y) !
= [i«xzbe K(y)}y_ﬁ iw2b Jo € Kily)dy

-1 1

_ —iab 1 L —ia?b(1-y)
N ilebK(l) T 2° K(0)+ ia2b Jo Kiy)e 4y
1
=0(3) (A.8)

because e ~/*? decays as b — oo and the decay rate of the last term is O <%>
times the decay rate of the integral, which decays as fast as K(a2b) itself.
Hence, using (A.6), (A.7), (A.8) we are able to analyze the rate of decay

of the denominator in A.5:

K(b) + aK(ab) + a®K(a?b) = (9(%) +0 (ebb> + O(%)

—inb

- o(e ; ) (A.9)
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Now we move on to the asymptotic analysis of the numerator in A.5.
We analyze each term of the numerator individually as b — co. We start
with the asymptotic analysis of W (b).

Analysis of W(b) as b — oo.

Note that e~* is bounded by 1 as b — 0. In fact, it is bounded for all

b € R. Now, we need a preliminary result that will be used later:

1. _ . x=1 1
/ e—zb(x—y)v(x)dx: [;e—lb(x—y)v(x)] _|_l/ e_lb(x_y)V/(x)dx
y ib x=y ibJy
_ __1€—ib(1—y)v(1)+lv( )+l/1 e_ib(x—y)v/(x)dx
b i i,
(A.10)
Then,
1 s
W) = [ K™V (biy, 1)dy
1 . r .
:/ K(y)elby/ eilbe(x)dxdy
0 y
1 .
:/0 K(y)/ e YV (x)dxdy
y
using A.10
_ /! —1 —ib(1-y) 1
= K(y) [Ee V(l)‘i‘%v(y)
Lo ey
+%/y e V(x)dx}dy
= v [ ke "9y + 1 [ KV
ib 0 AT 0 Y

1 r1 1
+ — K(y)/ e YV (x)dxdy
lb 0 y

using A.6 we know that the first integral is equal to K(b) = O (%) , thus
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the first term is O(blz); however, the second term is (’)(%); and, the third
term is (9(%) times the decay rate of the integral, which decays exactly

the same as W(Db) itself. Hence,
1
W(b) =0(3) (A11)

Analysis of W(ab) as b — oo.
Now,we move onto analyzing W(ab). First we need a few preliminary

results. Note that O(e~*") blows up as b — co. Moreover,

/1 e_i”‘b("_y)V(x)dx
y

—1 —mb(x y ] 1 /1 —iab(x—y)y//
= | — V' (x)dx
iab© le
__1 —iab(1-y) L / —iab(x—y)y//
b MORS AL Rg Vi(x)dx

(A.12)

Then,

K(y)e"V (ab;y,1)dy
uxby/ iocbxv(x)dxdy

1
/ —iab(x— y) (x)dxdy

I
O\O\Ho\
N

N
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using A.12,

1

fzab(lfy) L
/ wcb v+ me(y)

—iab(x—y)y/!
wcb / Vi )dx} ay

1

1 1
_ —iab(1—y)
me(l)/ K(y)e Y+ b iab

fiab(xfy) !
zsz/ / V'(x)dxdy

using A.7, we know that the first integral blows up at a rate (’)< Mb) SO

" k)viwy

when it is multiplied by (l sz) the entire first term is (’)( = ) , which is
the most dominant term as the second term is only (9( ) while the last
term is O (E) times the decay rate of the third integral, which decays just
as fast as W(ab) itself. Hence,

—inb

W(ab) = O(Eb—z) (A.13)

Analysis of W(a?b) as b — oco.
Finally, we analyze the last term in the numerator, W (a2b). Note that
this time the main exponential term inside the integral, e—ia®h decays as

b — oo. Once again, first, we need the following result:

-1 _ x=1 1 1 _
= [ VW] g [ OV
_ L iy 1 1 / b iab(x—y)
ia2b" vit)+ zazbv(y)+i0c2b y ¢ Vix)d
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Then,

1 . ~
W(att) = [ K@) ey, 1)dy

1 . 1 .
= / K(y)e“"Zby/ e*""szV(x)dxdy
0 y

1
v) /y e Y () dxdy

Il
o\)_‘
~

using A.14,

-1 _; _ 1
= | K) |z V) + V()
1 1

+— [ emibx—y) V’(x)dx] dy

T /1 K(y)e ™00y + 1I<(3/)V(y)ﬂly
in2b 0 ix2b Jo

1 1 .
o | kW) /y e Y () dxdy

using A.8, we know that the first integral decays up at a rate O (%), SO
when it is multiplied by (m__21b) , the entire first term is O (blz)" the second
term is O (%) , and the last term is O <%> times the decay rate of the third
integral, which decays just as fast as W(a?b). Hence,
1
2 f— —
W(ab) = o<b) (A.15)

Finally, we can analyze the entire numerator in A.5 and use A.11, A.13

and A.15 to get

W(b) + aW (ab) + a®W(a2b) = 0(1) + 0(%) + OG) = O(e b2 )
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Now, we move on to the analysis of the entire fraction in A.5as b — oo.

Using results A.9 and A.16, we get

<W(b) + aW(ab) + ocZW(och)>
_.I_

b—oo b= \ K(b) + aK(ab) + a2K(a2b)
—iab
o(+)
= lim —
b—=oo \ 0 (e b‘" )
, 1
=m0 (;)
= (A.17)
And with this result, Lemma 18 is proven. O

Lemma 19 (same as Lemma 7). Suppose ¢3 : R — C is a function defined by
$3(b) = C_(be‘i%)ei("_l)bque_i% Vb e R,x € [0,1]

where

and
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Then,

uniformly in x €

Proof.

lim ¢3(b)

b—co

b—co

0,1).

N

= lim (C‘(be‘lg)ei("_l)beﬂ%e_z
b—ro0

)

< lim |§* (be*i% )ei(xfl)be‘i% ik |
b—o0

< Tim [ (beT)| |l Ve 3 |1g~iF)
b—o0

— lim [~ (be~'%)| lim [¢/—DEG=2)]
b—oo b—o0

= Tim g~ (be=F)] lim |2 (==D¥]|eib(x-1t)
b—o0 b—o0

— lim |~ (be~')| lim |26V |ei2-D8) (A18)
b—o0 b—o0

Note that (‘/7§(x —1)b) — —o0 as b — oo because (x —1) < 0. Thus,

V3 . .
ez (=1 5 0 as b — co. Now, all that remains to show is that

First, we realize

the statement of

g (b

lim |~ (be™'3)| =0

b—o0

2n

thate 5 = —¢'3 = —a. Using the definition of {~ from

the Lemma 19, we get

5) = (—ab)
_ W(—ab) +aW(—a?b) + a*W(=b) (A19)
~ K(—ab) + aK(—a2b) + a2K(—b) '

We want to show that the numerator’s decay rate is greater than the

rate of decay of the denominator as b — co. We start with the asymptotic
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analysis of the denominator.
Analysis of K(—b) as b — oo.
We start by analyzing the first term. We integrate by parts to reveal

the decay rates of the terms that comprise the integral:

~ 1 .
K(-b) = [ K(y)e“’“—wdy

1
— ib(1-y) g b(1-y) g/
[ ib ¢ = lb / Kly)dy
_ -1 15 /(y)e
= K1)+ o Lok (o lb/K )dy
1
— O(E) (A.20)

because as b — o9, ¢’ is bounded by 1 and the decay rate of the last term
is O (%) times the decay rate of the integral, which decays at the same
rate as K(—b).

Analysis of K(—ab) as b — oo.

Now, we move on to analyzing the second term of the denominator.

~ 1 ,
K(—ab) :/0 K(y)e**(=¥)dy

— __1 inb(1—y) t:l i/l iab(1—y) ¢/
= [ K|, +isz ¢ Ky)dy

— __1 L uxb / uxb 1-y)
= KM+ e iab dy
1
_ O(g) (A.21)

because ¢/*? decays as b — co.

Analysis of K(—a?b) as b — .
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Finally, we asymptotically analyze the last term.

1 )
K(—a?b) :/0 K(y)e“"zb(l_y)dy

— __1 lﬂ(zb(lfll/) / Z(X
= [ioczbe K( _ uczb (y)dy
_ __1 L b L / ia?b(1-y)
= izxsz(l) + ioczbe K(O) + - P 2b K (y)e™ dy
)
e
— ( - ) (A.22)

because ¢’ blows up as b — oo and the decay rate of the last term
is C’)(%) times the decay rate of the integral, which decays as fast as
K(—a?b) itself.

Hence, using A.20, A.21, A.22 we are able to analyze the rate of decay

of the denominator in A.19:

R(—ab) + aK(—a®b) + a?K(~b) = O(%) T O<ei:,2b> + OG)
_ o(ei:b) (A.23)

Now we move on to the asymptotic analysis of the numerator in A.19.
We analyze each term of the numerator individually as b — co. We start
with the asymptotic analysis of W(—b).

Analysis of W(—b) as b — oo.
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Note that ¢’ is bounded by 1 as b — co. In fact, it is bounded for all

b € R. Now, we need a preliminary result that will be used later:

1 ) =1
/ ezb(x—y)v(x)dx _ [lelb(x—y)v(x)} x 1
y ib

_ 1
~ b

- /1 PNV (x)dx

x=y ib Y

ib(1—y) 1 Lo by

e"NTYVV(A) - = V(y) — = | VTV (x)dx
ib ib Jy

(A.24)

using A.24

ib Jy
_ 1 ! ib(1-y) L
= %V(l)/o K(y)e dy — E/o K(y)V (y)dy

1 1
_ = ib(x=y)yy!
o K(y)/y e V'(x)dxdy

using A.20 we know that the first integral is equal to K(—b) = O (%),

thus the first term is O(b%) ; however, the second term is (’)(%) ; and, the



Appendix A. Useful Lemmas 67

third term is (’)(%) times the decay rate of the integral, which decays ex-

actly at the same rate as W(—D) itself as b — oo. Hence,
W(—b) = (9(—) (A.25)

Analysis of W(—ab) as b — oo.
Now,we move onto analyzing W(—ab). First we need a few prelimi-

nary results. Note that O(e/*?) blows up as b — co. Moreover,

1.
/ e YV (x)dx
y

: =1 1
— %emb(x—y)v(x)}i:y_%/y euxb(x—y)v/(x)dx
L iav(1—y) 1 Lol by
— ¢ V(1)—_—V(y)—,—/ APV (1) dx
inb inb ib Jy
(A.26)
Then,
1 ~
W(—ab) = | K(y)e *¥V(—ab;y,1)dy

1 ) 1 .
K(y)el“by/ vV (x)dxdy
y

1 1
K(y)/ Y)Y (x)dxdy
y

I
S—, S— o—
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using A.26,

= [ K[t v - V)

inh inh

1 ! iab(x—y) 1!
- @/y e 1% (x)dx} dy

_ 1 ! inb(1—y) 1 1
= @V(l)/O K(y)e dy @/0 K(y)V(y)dy
L k) / D) Y () dxd
iﬂéb 0 y y y

using A.21, we know that the first integral decays at a rate (9(%), SO
when it is multiplied by (%) , the entire first term is O (bl—z>, the second
term is O (%) , while the last term is O (%) times the decay rate of the
third integral, which decays just as fast as W(—ab) itself. Hence,

W(—ab) = (9(%) (A.27)

Analysis of W(—a?b) as b — oo.
Finally, we analyze the last term in the numerator, W(—a?b). Note
that this time the main exponential term inside the integral, ¢®’? blows

up as b — co. Once again, first, we need the following preliminary result:

/1 ei"‘zb(x*y)V(x)dx
y

_ [ L ety / ! i)y
= [iazbe V(x)}x_y w2 J, e Vi (x)dx
1 25 (1 1 1 U i2p(x—
_ mzbem b(1 y)V(l) _ i(beV(y) - , ol b(x y)V’(x)t:lx

(A.28)
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Then,
1 PR
W(=a2) = [ K(y)e ™™V (~a2;y, 1)dy
0
1 , 1 .
:/ K(y)e”"zby/ el“szV(x)dxdy
0 y
1 1,
_ /0 K(y) /y VY Y (x)dxdy
using A.28,
_ [ L ib(1-y) 1
= | K@) [z V) — V)
1 ! i?b(x—y) /!
~ W ), e V(x)dx]dy

=—V(1)/1K( T — 1K(y)V(y)dy
b ye in2b

uxzb/ / IV (x)dxdy

using A.22, we know that the first integral blows up at a rate (’)( et b),

so when it is multiplied by < ) the entire first term is (9( ) the
second term is O (E) , and the last term is O (E) times the decay rate of
the third integral, which decays just as fast as W(—a?b). Hence,

i

W(—a2b) = 0(67) (A.29)

Finally, we can analyze the entire numerator in A.19 and use A.25, A.27

and A.29 to get

W(—ab) + aW(—ab) + a®>W(—b) = O(%) + O(e:2b> T O<b>

ia2b

0 (67) (A.30)
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Now, we move on to the analysis of the entire fraction in A.19 as b — oo.

Using results A.23 and A.30, we get

lim ¢5(b) < lim <§‘(—o¢b)> (A.31)
b—c0 b—ro0
~ bm < _ W(—ab) + aW(—a®b) + aZW(—b)>
b—oo K(—ab) + aK(—a2b) + a2K(—b)
ia2b
o(%)
= lim in2b
b—oo O(eb )
. 1
= Jim ()
= (A.32)
And with this result, Lemma 19 is proven. O

Lemma 20 (same as Lemma 8). Suppose Ry : R — C is the function defined

by

—a k i3
Ry(t; =b,—a) = /—b P <f113(k2)t) e~ Ftdk Vt>0

where ¢ is defined as in Lemma 6, and has its dependence on x € [0,1] sup-
pressed, and —oo < —b < —a < 0.

Then, assuming ¢1 (k) has total bounded variation on the interval (—oo, —al,
V—a<0
lim Ry(t; —b, —a) = o (%)

b—oo

uniformly in x as t — oo.

Proof. Consider
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Note that k? # 0 as —b < k < —a < 0. We proceed by substitution. For

k € (—=b,—a),letr = —k>. Then, k = —r!/3 and % = —3k% The latter

dr

also implies dk = —7.

Using these substitutions we get

3

—1 /= 1(k)\ i _—1/“_ od (pr(=r)\ i 1
iS_t/_b dk< 2 )¢ k= e\ T )¢ e

:__1/a3£ ¢1(—1'3) ot gy
i3t Jp3 dr r2/3

Let

Then,

—1 4 .
lim Ry(t; —b, —a) = lim —/b (T(r)) e"dr

b—oo B3 oo 13t J1p3 %
1 . b d irt
= @bglgloo/ﬁ E(T(r))e dr

Our goal is to use Reimann-Lebesgue lemma on the above integral to
show that the integral decays as t — co. To use the famous lemma, we

need to show that d(;# is bounded and integrable on the interval:

b3

d(z(r))
dr

lim
b3—o0 Jad

dr < o (A.33)

Note that () is continuously differentiable as it is a product of smooth
functions. We can rewrite it as 7(r) = P(r) 4+ iG(r), where P(r), G(r) are

real-valued functions. Then,
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B3 B3 .
tim [ D gy = i [ [ARAFEW) ],
b?’—)OO 113 d?’ b3—)oo 113 di’
B3
= lim |P'(r) +iG'(r)| dr
b3 —00 J a3

3

. / .~/
< bg’gnoo B |P'(r)| + |iG'(r)| dr
3

B b
= lim [ |P'(r)| dr + lim |G/ (r)| dr

b3—o0 Ja b3—c0 Jad

We start by subdividing interval [a®,b?) into subintervals

[r1,72), [r2,73), -+ [Pr_max(v)r Tn_max(v)+1)

where P’(r) changes sign n_max(b) times on the interval and a® = r; <
2 <13 < < Ty max(v) < "n_max(b)+1 = b3. Without Loss of Generality,
assume that P'(r) > 0 on the first interval [r1,7;). Then, P/(r) > 0 for all
intervals that start with an odd index of r and P’(r) < 0 for all intervals

that start with an even index of r. Then,

b3 o0 Ja b3 —o0

b3 n_max(b)/Z Ton—1 Ton
lim [ |P'(r)|dr = lim ) (/ P'(r)dr —/ Pl(”)d”)
r

n=1 2n "2n+1
n_max(b)/2
. Ton— on
= b’vl'1£>n00 ng:l ([P(r)]rin b [P(T") r§n+1)
n_max(b)/2
= bglin Z (P(ran—1) = P(ran) — P(r2n) + P(r2n41))
®© p=1

= lim P(ry) —2P(rp) +2P(r3) — ...

b—oco

Here is perhaps the biggest assumption that we have to make for the

sake of moving the argument forward, which is that the above sum is
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bounded. This is equivalent to the assumption that P(r) has total bounded

variation. So assuming that the above sum is bounded, we replicate the
3

argument to show that limys_,, [ al;, |G'(r)| dr is bounded as well under

the assumption of the total bounded variation of G(r).

Therefore, we have shown with necessary assumptions that

b3
lim /
b3—o0 Ja3

Finally, this result allows us to apply Riemann-Lebesgue Lemma:

d(z(r))

dr

‘dr<oo

v 4 .
. . irt —
tlgglo bllglo o (t(r))e™dr=0
o 7rd (pi(R)\ e,

Then,

_ —a )
lim Rl(t; —b, —[1) = _1 lim / d (¢l(k)) e—lk3tdk

b—oo 13t b—oo —b E k2
=0 (%) (A.35)

because = = O (1), while lim,_.o, [/ 4 ¢1(2k) e~ 't dk decays to 0 as
Bt ; b dk \ K Y

real positive t — co. O

Lemma 21 (same as Lemma 9). Suppose Rz : R — C is the function defined

by

d 3(k) —ik3t
R3(t,ﬂ, b) / k( (Pl k2t>e dk Vit 0

where ¢3 is defined as in Lemma 7, and has its dependence on x € [0, 1] sup-

pressed, and 0 > a > b > oo.
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Then, assuming ¢3(k) has total bounded variation on the interval [a, o),

Va >0
lim R3(t;a,b) =0 (%)

b—oo

uniformly in x as t — oo.

Proof. The proof of the above lemma is analogous to the proof of Lemma 20

]

Lemma 22 (same as Lemma 10). Suppose Ry : R — C is the function defined
by

—a ﬂ 1tk

e 2

a . _ilk s
Ro(t;—a,0) = [ ] (L)H) ke 0
6

where oo < —a < a < oo, and ¢, is defined as in definitions A.3, and has its
dependence on x € [0, 1] suppressed.

Then, assuming ¢, (k) has total bounded variation on the interval [—a, al,

Ry(t; —a,a) = o (%)

Va € R

uniformly in x as t — oo.

Proof. The proof of the above lemma is analogous to the proof of Lemma 20

]
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